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ABSTRACT

In this paper we address the problem of recovering a
subset of sources from a noisy linear mixture. We pro-
pose a novel blind source extraction algorithm that is
robust with respect to the noise. This robustness is
two-fold: on the one hand the algorithm does not lead
to biassed estimates and, on the other, it minimizes
the amount of signal and noise interference on the es-
timated sources. In addition, the asymptotic conver-
gence of the algorithm to the extraction solution is
demonstrated for almost any source distribution. Fi-
nally, the proposed algorithm is shown to be a gener-
alization of the powerful kurtosis FAST-ICA algorithm
that enables us to sequentially extract the sources in
an arbitrary number of groups.

1. INTRODUCTION

Blind Source Separation (BSS) is the problem of recov-
ering mutually independent unobserved signals (sources)
from a linear mixture of them [1, 2, 3]. This problem
has recently attracted a lot of interest because of its
large number of applications in numerous fields. How-
ever, BSS can be very time consuming specially when
the number of sources is large (for example, in biomedi-
cal signal processing). In these cases it is more practical
to recover a subset of the sources only. This is known as
Blind Source Extraction (BSE). When combined with
a deflation procedure (i.e., the sequential subtraction
of the extracted sources from the current observations)
BSE algorithms are also able to sequentially extract all
the independent sources, thus constituting an attrac-
tive alternative to conventional approaches that per-
form blind separation of sources.
The combined use of BSE and deflation to solve the

BSS problem was first proposed in [5] and further ex-
plored in [6, 7]. However, in order to avoid replicated
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Figure 1: Signal model for blind source extraction.

outputs, the existing algorithms for BSE can only re-
cover the sources sequentially one by one. This is also
computationally expensive since it requires a number
of deflation steps equal to the number of sources.

In this paper, we overcome the previous limitation
and propose a BSE algorithm that, being robust with
respect to Gaussian noise, allows us to simultaneously
extract an arbitrary number of sources. In combination
with deflation the algorithm enables us to sequentially
extract the sources in an arbitrary number of groups.
In addition, a version of this algorithm is shown to be
a generalization of the kurtosis FAST-ICA algorithm
[6]. Furthermore, simulations will show that, similarly
to FAST-ICA, the proposed BSE algorithm usually ex-
tracts at the first stage the most interesting sources,
i.e., those with largest absolute value of normalized
kurtosis.

Let us consider the signal model shown in figure 1.
A set of N sources s = [s1[n],... ,sny[n]]T are combined
through a linear memoryless system described by a full
column rank M x N mixing matrix A, in the pres-
ence of a jointly Gaussian and spatially uncorrelated
noise process g = [gi[n],...,gu[n]]’ to produce the
observations vector

x=As+g, (1)

where x = [z1[n],... ,zm[n]]T and M > N. In or-
der to simultaneously extract E non-Gaussian sources
(where E < N) the observations are multiplied by the
extracting matrix B of dimensions E' x M to obtain the



outputs or estimated sources vector
y =Bx (2)

wherey = [y1[n],... ,yg[n]]T. The overall transfer ma-
trix is given by G = BA.,.

Denoting the autocorrelation matrix of the obser-
vations as R,, = E[xx], we will consider the general
case where the rank of R,, is P with N < P < M.
Let W be a matrix of dimension P x M that whitens
the observations. Defining z = Wx as the spatially
decorrelated observations its autocorrelation matrix is
R.. = Ip, i.e., the identity matrix of rank P. Let us
also consider that the extracting system B factors as
B = UW where U is a P x E matrix with orthogonal
columns.

Along the paper we will use the following nota-
tion. The sources vector splits in two disjoint parts
s = [sT|sT]T where s;, contains the E sources to be
extracted and sy represents the remaining N — E. Cor-
respondingly, matrix A, will be decomposed as A, =
[A.r|A.r] where A,; and A,r contain the columns
associated to sp and sg, respectively. ()™ will denote
the Moore-Penrose pseudo-inverse operator, Cii will
denote the fourth order cross-cumulant matrix of ele-
ments [Cii]” = Cum(a;[n], b[n], bj[n], bj[n]) and S,
will be a diagonal matrix of cumulants signs [S,]i; =
sign([CL3]5). We will also assume, without loss of
generality, that the sources are properly scaled so that
Cii=8,.

The structure of the paper is as follows. Section 2
summarizes some previous results of a cumulant based
algorithm for blind source separation, whereas Section
3 is devoted to the development of the proposed blind
source extraction technique. Subsections 3.1 and 3.2
present two particular implementations of the blind
extraction algorithm and their relations. In Subsec-
tion 3.3 we present the deflation step and the stability
of the algorithm is analyzed in Subsection 3.4. Sim-
ulations of its performance are provided in Section 4.
Finally, Section 5 presents the conclusions.

2. BLIND SOURCE SEPARATION IN
GAUSSIAN NOISE

Let us start considering the conventional BSS prob-
lem, i.e., the simultaneous extraction of all the sources
(E = N). Let us denote our current estimate of the
mixing system as A(" and introduce the concept of
local robust estimate to designate a matrix A™ that
provides an adequate direction for updating A" to-
wards A,. It was shown in [8, 9] that A(") = CL3S,
is a local robust estimate of the mixing system. Since
the iterative correction of the current estimate in the

direction of the robust estimate leads to an estimation
improvement, we can use the following algorithm [8] to
estimate the mixing system

At — A 4 ,u(")(Ci’zSy —AMY)  (3)

Since the mixing matrix A is not square in general,
we need only to estimate any full column-rank projec-
tion P 4 A, of the mixing system to recover the sources.
P, = AW (AM)T represents the projection matrix
onto the subspace spanned by the columns of A,
As a consequence, the BSS problem can be interpreted
as the estimation of the pseudo-inverse of the mixing
system. Rewriting recursion (3) in terms of B(") =
(A(M)* we arrive at

Bt = (Iy +pM™(CL3S, —Iy)) 'B™ (4)

where Iy is the N x NN identity matrix. We will refer
to this recursion as the Cumulant-based Iterative Inver-
sion (CII) algorithm [8]. Note that any B = (P4A,)"
leads to the separation (i.e., BA, = 1In).

Taking into account that high-order cumulants of
joint Gaussian processes are all equal to zero, we can
state the following theorem

Theorem 1 FEven in presence of additive Gaussian noise
in the mizture, the Cumulant-based Iterative Inversion
(CII) algorithms presented in equations (3) and (4)
asymptotically lead to unbiased estimates of the mix-
ing and separating systems when a sufficient long data
record is available to estimate the involved cumulants.

3. BLIND SOURCE EXTRACTION:
EXTRACTING SOURCES IN GROUPS

The key property that allows the extraction of part of
the sources is that the iteration (3) can be decoupled
independently for the left and right columns of matrix
A = [A|ARg]. This makes possible the estimation of
the left part Ay without any knowledge of the right
part Ag. Indeed, when E # N the iteration for Ay is
given by

AP = AT amelisd A ()

T, y"y

the outputs of the separation system
y :B(")A*LSL +B(")A*RSR+B(n)g (6)

have three different components. The first component
B(M™A, sy comes from the desired sources. The sec-
ond term B A, gsp can be regarded as interference
coming from the remaining sources. The third term
B("g is the noise component at the outputs. When
designing the separating system B(™ our aim is:



1. Preserve the signals of interest at the outputs,
i.e.,

BMAM =1, (7)

2. Use the remaining degrees of freedom in B("™ to
minimize components at the outputs coming from
the noise and the rest of sources.

There are two different ways to perform this process
according to the existence or not of a prewhitening step.

3.1. Extraction without Prewhitening

Since the channel noise and perhaps part of the sources
are Gaussian, an adequate solution to the previous
problem is to minimize the Mean Square Error (MSE)

between the estimated sources AJLr(n)A*LsL and the
outputs y. But, under the minimum MSE criteria, this
is tantamount to minimize the output power subject to
some signal preserving constrains, i.e.,

mén tr{Ry,} subject to B(”)A(Ln) =Ig (8)

We can solve this constrained minimization problem by
means of the complex Lagrange multipliers and obtain

n H(n n)y— H(n

Then, in order to extract the sources, we only have to
aternatively iterate equations (5) and (9), that consti-
tute the kernel of the first implementation of the BSE
algorithm. The algorithm recovers an arbitrary num-
ber E < N of sources without any prewhitening step.
This is done, however, at the extra cost of having to
initially compute the pseudo-inverse of the correlation
matrix of the observations. The problem of avoiding
replicated sources at the outputs is considered in the
following lemma.

Lema 1 The blind extraction algorithm formed by equa-
tions (5) and (9) is unstable for that extraction solu-
tions where the sources appear replicated at the outputs.

Proof: This is a direct consequence of the fact that
the signal preserving constraint B(”)A(Ln) = Ig is im-
possible to fulfil when A(Ln) is not full column rank. We
can observe that due to the matrix inversion present in
equation (9), as long as some columns of Ay, become
dependent (which is a necessary condition for having
replicated outputs), the inverse term (Af(") RjgwA(Ln))’1
sharply diverges and, therefore, the proposed BSE it-
eration cannot converge to such deceptive solutions.Od

3.2. Extraction with Prewhitening

Let us consider now the case of including an initial
prewhitening stage in the algorithm. Defining V =
WA ;, as the left part of the overall estimated mixing
after prewhitening, we can multiply equation (5) by W
to obtain

Vi = v petis, - viY) (o)
Similarly as before, the desired extraction matrix is also
a solution of the following constrained minimization
problem

min #r{R,,} subject to umvi =1, (11)

Since now R, = I, the minimum MSE solution is sim-
ply given by

U = (viV)* (12)

where V; = (VIV )=V, Equations (10) and (12)
are the kernel of a second implementation (presented
in Table 1) of the BSE algorithm.

The following lemma illustrates the relation between
the two previous approaches to BSE:

Lema 2 The BSE algorithm with prewhitening given
by equations (10) and (12) is a particular case of the
BSE algorithm without prewhitening given by (5) and
(9). Moreover, both are equivalent when the initializa-

tion for the estimated mizing system is given by A(LO) =
WV,

Proof: The demonstration of this lemma comes from
the fact that the inverse of the correlation matrix R,
can be factorized as R}, = WHW. Substituting this
result in equation (9) and taking into account that

V" = WA (™ we obtain

B = (WA")tw
= u"w (13)
which proves the lemma since G(L") = BMA,; =

u\v,,.0
When considering the extraction of a single source
we obtain the following interesting lemma.

Lema 3 The blind source extraction algorithm of equa-
tions (10),(12) is a generalization of the kurtosis FAST-
ICA algorithm developed by Hyvarinen and Oja in [6]
for the simultaneous extraction of E sources.

Proof: Since we have previously demonstrated that
equations (10),(12) enable us to simultaneously extract



several sources, it is readily seen that the proposed al-
gorithm reduces to the kurtosis FAST-ICA algorithm
for a single source extraction. Indeed, let us observe
that when £ = 1, the BSE algorithm of equations
(10),(12) simplify to

Vit = v ucelis, - viY) (14
n T(n n
U = Vv (15)

and, for p(®) =1, the proposed algorithm matches the
well-known kurtosis FAST-ICA algorithm [6]. There
are some minor and not important differences: the nor-
malization term in the FAST-ICA algorithm ||V(Ln+1) [|2
appears squared in (15), and the scalar cumulant sign
S, in equation (14) does not exist in the FAST-ICA
algorithm.]

3.3. Deflation

Once the first set of sources has been estimated, we can
try to perform a new group extraction by previously re-
moving the recovered sources from the mixture. This
deflation process is obtained from the orthogonal pro-
jection operator onto the complementary space to the
columns of Vi = WA. The orthogonal projector
given by the matrix P, = Ip — Py = I, — VWU
can be applied to the whitened observations. Thus,

Zg = PlZ

z-ViHy (16)

performs the deflation. Analogously, the deflation takes
the form

xa = (Iv—AP @A) "Hx (17)

for the algorithm without prewhitening.

3.4. Asymptotic Convergence

The following theorem summarizes the results of the
convergence analysis for the BSE algorithm with pre-
whitening.

Theorem 2 As long as the fourth order cumulants of
the sources are mon zero, the only necessary and suf-
ficient asymptotic stability condition for the following
BSE algorithm

vt = v g p(ctis, - Vi) ()
U(n+1) (VglJFl))-l- (19)

to converge to an extraction solution is given by

1
< 5 (20)

Proof: In order to analyze the algorithm convergence
and its asymptotic behaviour at the extraction solution
we define the following deviation

e =vIM(VIENTDM 1y (21)

where V, = WA, and D" is a diagonal matrix with
elements D" = e=34IVE"™ (V) li 1t is clearly seen
that at the extraction solution (V5 = V,.D) the de-
viation term e will converge to zero. The purpose of
the matrix D(") is to remove the phase indeterminacy
of the direct terms at convergence. Therefore, (™ will
always have real and positive diagonal terms.

Defining é"+1) = Vf(nﬂ) (VEN+D™ —15 (whose
diagonal terms are no longer real), and taking into ac-
count iteration (10) we obtain

et = (1 — p)e™ 4 1 (S,C3L(VE)T —15) D™
(22)

The second term in the right side can be further sim-
plified using the properties of the cumulants, i.e.,

cil = PepPeichvy  (23)

where C}} = S, by hypothesis and (SG(LH)) denotes the

Hadamard product G\ x G1™ x GI™. Due to the
orthogonality between the columns of V. = [V..1|V.g]
we observe that VHZ(VE)* simplifies to [Iz|0]. Then,
substituting (23) in (22) yields

E(nJrl) — (1 _ u)e(n) +pu (Sy(3G(L"))SsL - IE) D(n)
(24)

Now, let us analyze the asymptotic behaviour around
the extraction solution. Let o be a small perturbation
matrix such that V(L") =V..D®™ 4 ¢ Then, from
the definition of e(")

e = gHm) (v,  DM)H+ (25)

we proceed to calculate the expansion of G(Ln) = VI(H)V*L
in terms of e. With the help of equation (25) and after
some straightforward calculus we obtain

G = (Iy— DI o) (26)

In the neighborhood of the solution we have S, = S, .
Also, since diag(e™) is real, 3(G{™) expands as

3Gy = (IE - 3diag(e("))) D™ 4 o)  (27)
Substituting (27) in (24) we obtain

dnt) (1—p(l+ 3diag(6(”)))e(n) + o(e) (28)



Then, keeping the linear part of the expansion (which
determines the asymptotic behaviour) and taking mod-
ulus yields

G

G = a0yl (29)

ij

for all 4,5 =1,... , E where §;; is the Kronecker delta.
Since Vi, j the elements [Vf(n'i_l) (VENTD®+D],. and
[Vf(n'i_l)(VfIL)*D(”)]ij share the same modulo and
E?H) is always real and positive, it is straightforward

to show that |e§;7+1)| < |€§;7+1)|. Then, we obtain

€

et <

; 11— p(1+30)]- €7 (30)

Cij

for all i, = 1,...,E. From this result it is immedi-
ately seen that the necessary and sufficient asymptotic
stability condition for convergence of the diagonal and
off-diagonal terms is given by

1
n<3 (31)

O

The step-size (™ in equation (32) of Table 1 has been
selected to fulfil this stability condition (see [10] for
more details).

It is interesting to note that, similarly to CII algo-
rithms [8] and in contrast with other BSE algorithms,
the local stability condition derived from the theorem
does not depend on the distribution of the sources as
long as their fourth-order cumulants are non zero.

4. SIMULATIONS

In this section we present the results of a computer
simulation to illustrate the performance of our pro-
posed approach. We considered a total of 50 sources
of two different classes. There are five interesting ran-
dom binary sources (s = +1 with equal probability) lo-
cated at positions {5,15,25,35,45}. The remaining 45
sources are all random uniform processes in the inter-
val [=1,1]. The normalized kurtosis of the interesting
sources is —2 whereas the normalized kurtosis of the
remaining sources is —6/5. We mixed these sources
by a 200 x 50 matrix of random uniform coefficients.
Then, we added to the mixture a zero mean Gaussian
noise with unity power obtaining a set of 200 observa-
tions. Note that the input signal to noise ratio is very
low (only 0dB). The sample histograms of the different
sources and channel noise can be observed in figure 2
whereas the sample histograms of the observations are
shown in figure 3.

We applied the blind source extraction algorithm of
Table 1 with parameters v = 5 x E? x 1076, = 0.9

and p = 1, to estimate the five binary sources (E = 5).
After only 12 iterations the algorithm extracted the
whole set of desired sources. The extraction can be
checked in different ways: looking at the histograms
of outputs which are shown in figure 4 or looking at
the coefficients of the overall transfer function from the
sources to each output which are presented in figure 5.
From this latter figure it is readily seen that the transfer
functions for each row are almost zero except at one of
the places of the interesting source locations, i.e., at
{5,15,25,35,45}.

This and other simulations show that the extracted
sources order usually corresponds to a balance between
the sources with largest absolute value of normalized
kurtosis and the sources with an important initial com-
ponent in the selected outputs. This fact is also in ac-
cordance with the convergence behaviour of FAST-ICA
algorithms.

5. CONCLUSIONS

In this paper we have proposed a novel blind source
extraction algorithm which is able to recover simulta-
neously an arbitrary number (E < N) of sources from
a linear mixture. In the presence of noise in the obser-
vations, the algorithm minimizes the noise and signal
interference on the recovered sources. Additionally, the
algorithm is robust in the sense that for a Gaussian
noise the obtained estimates are asymptotically unbi-
ased. The algorithm is shown to be a generalization
of the kurtosis FAST-ICA algorithm for blind source
extraction. Finally, we have proved that the algorithm
asymptotic convergence does not depend on the source
distributions as long as the fourth order cumulants of
the sources are not zero.
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z = Wx
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Figure 2: Histogram of the source signals and noise.
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Figure 3: Histograms of some of the 200 observations.
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Figure 4: Histograms of the first recovered sources.
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Figure 5: Overall transfer function from the sources
to the outputs. The transfer function for each row is
basically a delta function whose position determines
the recovered source. Note from the delta positions
{45,35,25,5,15} that only the interesting sources has
been recovered.



