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Abstract— In this letter we study the natural gradient
approach to blind separation of overdetermined mixtures.
First we introduce a Lie group on the manifold of overde-
termined mixtures, and endow a Riemannian metric on the
manifold based on the property of the Lie group. Then we
derive the natural gradient on the manifold using the isom-
etry of the Riemannian metric. Using the natural gradient,
we present a new learning algorithm based on the minimiza-
tion of mutual information.

I. INTRODUCTION

Recently blind separation of independent sources has
become an increasing important research area due to
its rapidly growing applications in various fields, such
as telecommunication systems, image enhancement and
biomedical signal processing [1-11]. It has been shown that
the natural gradient improves dramatically the learning ef-
ficiency in blind separation [1-8]. For the standard case
where the number of sources is equal to the number of sen-
sors, the natural gradient algorithm has been developed by
Amari et al [3], and independently as the relative gradient
by Cardoso [7]. However in most practical cases, the num-
ber of active source signals is unknown and changing over
time. Therefore in the general case the mixing matrix and
demixing matrix are not square and not invertible. The
blind separation of more sources than mixtures was dis-
cussed in [10] by using overcomplete representations. In
this letter, we study blind separation of overdetermined
mixtures, where the number of sensors is not less than the
number of sources.

The main objective of this letter is to extend the idea of
natural gradient to overdetermined mixtures, and apply the
natural gradient to derive an efficient learning algorithm.
It is a surprise that the optimal natural gradient algorithm,
in the sense of minimizing the effect of noises on the output
signals, is in the same form as the standard case where the
number of sources is equal to the number of sensors. It is
plausible to use overdetermined mixtures to improve upon
blind source separation algorithms in extracting the signals
of interest from mixtures.

II. BLIND SEPARATION OF OVERDETERMINED MIXTURE

Assume that the unknown source signals s(t) =
(s1(t),- -, 8n(t))T are zero-mean processes and mutually
statistically independent and x(¢) = (z1(t), -,z (t)7T is

an available sensor vector, which is a linear instantaneous

mixture of sources by
x(t) = As(t) + n(?), (1)

where A € R™*" is an unknown mixing matrix of full
rank, n(t) is the vector of additive white Gaussian noises.
In this letter we consider the overdetermined case, m > n.
The blind separation problem is to recover original signals
s(t) from observations x(t) without prior knowledge on the
source signals and the mixing matrix A except for inde-
pendence of the source signals. The demixing model is a
linear transformation in the form

y(t) = Wx(1), (2)

where y(t) = (y1(t),---,yn(t))T is an estimate of source
signals s(t), W € R"*™ is a demixing matrix to be deter-
mined. The general solution to the blind separation is to
find a matrix W such that WA = AP, where A € R"*"
is a nonsingular diagonal matrix and P € R™*" is a per-
mutation.

III.

In this section we discuss some geometrical structures,
such as the Lie group and the Riemannian metric, on the
manifold of demixing matrices defined as Gl(n,m) = {W €
R™™|rank(W) = min(n,m)}. For W € Gl(n,m), there
exists an orthogonal matrix Q € R™*"™ such that

NATURAL GRADIENT

W =[W;, W,]Q, (3)
where W, € R"*" is nonsingular, and Wy € R"*(m=7),

A. Lie Group Gl(n,m)

The Lie group plays a crucial role in deriving natural
gradient of the manifold Gl(n,n). We introduce the Lie
group structure on the manifold Gi(n,m). It is easy to
verify that Gl(n,m) is a C° manifold of dimension nm.
The operations on the manifold Gl(n,m) are defined as
follows

XxY =
xt =

[X1Y1,X1Y: + X5]Q, (4)
[Xfla _X;1X2]Q7 (5)

where X = [X,X5]Q and Y =[Y1,Y2]Q are in Gl(n, m),
* is the multiplication operator of two matrices X and Y,
and 7 is the inverse operator on Gl(n,m). The identity el-
ement in Gl(n,m) is defined by E = [I,,,0]Q. It is easy to



prove that both the multiplication and the inverse map-
pings are C'*° mappings. The inverse operator satisfies
X # X' = X'« X = E. Therefore the manifold GI(n,m)
with the above operations forms a Lie Group.

B. Riemannian Metrics

The Lie Group has an important property that it admits
an invariant Riemannian metric. Let Tw be the tangent
space of Gl(n,m), and X, Y € Tw be the tangent vectors.
We introduce an inner product on Ty with respect to W
as < X, Y >w . Since Gl(n,m) is a Lie group, any Z €
Gl(n,m) defines an onto-mapping: W — W x Z. The
multiplication transformation maps a tangent vector X at
W to a tangent vector X x Z at W x Z. Therefore we
can define a Riemannian metric on GIl(n,m), such that the
right multiplication transformation is isometric, that is, it
preserves the Riemannian metric on Gl(n,m). Explicitly
we write it as follows

<X, Y >w=<X*Z,Y xZ >w.7 . (6)

If we define the inner product at the identity E by <
X,Y >g= tr(XYT), then < X,Y >w is automatically
induced by

<X, Y >w=<X+*WH Y+Wt >g . (7)

C. Natural Gradient

For a cost function I[(W) defined on the manifold
Gl(n,m), the natural gradient VI(W) is the steepest as-
cent direction of the cost function [(W') as measured by the
Riemannian metric on Gi(n, m), which is the contravariant

form of partial derivatives VI(W) = (%) . The
S nxm

natural gradient of the function (W) is defined by [1]
< X, V(W) >w=< X, V(W) >g, (8)
for any X € Tw. Comparing the both side of (8), we have
VI(W) = VI(W)(WITW + N)), (9)

0 0
0 Imfn
onal matrix, I,_, is an (m —n) x (m — n) identity matrix.
It is worthy noting that the natural gradient on the man-
ifold Gl(n,m) has an additional term compared with the
one on the manifold GI(n,n). In the overdetermined case,
the matrix WTW is singular, while WW + Ny is a pos-
itive definite matrix for any W € Gl(n, m). The property
ensures that the natural gradient descent algorithm keeps
the same kind of equilibria of the learning system as the
ordinary gradient descent one.

Remark 1. It is easy to see that the N is a projection
matrix. The result indicates that the natural gradient for
overdetermined mixtures is not unique, which depends on
the orthogonal matrix Q. The redundancy makes it possi-
ble to choose an optimal projection for learning algorithms.

where N; = QT ] Q € R™*™ js a block diag-

IV. LEARNING ALGORITHM

Assume that p(y, W), p;(y;, W) are the joint probability
density function of y and marginal pdf ofy;, (i =1,---,m)
respectively. Our target is to make the components of y as
mutually independent as possible. To this end, we employ
the Kullback-Leibler divergence as a risk function [3]

(W) =-H(y,W)+ Y _ H(y:, W),

i=1

where H(Yv W) = fp(Y7 W) Ing(y, W)dya H(yla W) =
— [ pi(yi, W) log p;(yi;, W)dy;. The divergence (W) mea-
sures the mutual independence of the output signals y; (k).
The output signals y are mutually independent if and only
if (W) = 0. In order to develop an efficient on-line learning
algorithm, we simplify (10) into the following cost function

Iy, W),

(10)

Iy, W) = —log(|det<WET)|)—Zlogpi(yi(k),vv), (11)

where E is the identity element of the Lie group Gl(n,m),
and det(WET) is the determinant of matrix WE”. In the
following discussion, we use the following decomposition

(12)

X3

W= [WlaWQ]Qa X = QT |: 1 :| 3
where W1 € R™*"™ and x; € R". The ordinary gradient
of I(y, W) with respect to W is given by.

di(y, W)
dW,

di(y, W)

=-WiT +o(y)x], oW,

= p(y)x3. (13)
where ¢(y) is a vector of nonlinear activation functions

dl i (Yi i (yi
pilys) = —Liospilus) — by
dient learning algorithm on Gl(n,m) can be implemented
as follows

AW =7 (I - o(y)y" )W — o(y)x"N;) ,

V. OPTIMIZATION OF LEARNING ALGORITHM

. Therefore the natural gra-

(14)

The demixing model projects the sensor signals into R",
and the projection depends on the matrix N;. In this sec-
tion we consider the optimization of such projection. De-
compose the mixing matrix in the following form

a=ar| ] (15)
where matrix Q 1is an orthogonal matrix, A; €
R™™ is a nonsingular matrix. = The mixing model
transforms the source signal into a hyperplane & =

ey

ment of S is denoted by S*. The question here is that
which projection matrix Nj is the best for learning algo-
rithms in the sense of minimizing the influence of noises.
To this end we assume that the noises are Gaussian with

} , X1 € R”}. The orthogonal comple-



the covariance matrix F(nn”) = ¢%I, and are independent
of sources. We decompose the demixing matrix using the
same orthogonal matrix Q in (15) as W = [W;, W,]Q,
and we have

y = WAs+ Wn =W;A;s + Wn, (16)

This means that W5 does not contribute to the main term.
To minimize the effect of noises on the output y, We intro-
duce the following cost functional

F(W,) = E(||Wnl3) = E@"W Wn). (17
On the other hand we decompose the vector of noises into
the following form n = Qv = QT[vy, vo]. It is easy
to derive E(vvl) = QE(nn”)Q” = 0?1. Then the cost
functional (17) can be rewritten as

F(Wsy) = EvIWIW,v)) + 0 tr(WIw,).  (18)

The minimal solution of the cost functional F(Ws) is
W, = 0. This means that the transform y = Wx should
be orthogonal to the normal space S*, that is, for any
z € S*, y = Wz = 0. In this case our natural learning
algorithm (14) is simplified to the standard form

AW = (I-o(y)y") W, (19)

where W is, in general, a non-square n x m demixing matrix
(n < m). It should be noted that the learning algorithm
(19) has been proposed for the special case when the num-
ber of sensors is exactly equal to the number of sources [3],
[8]. It is apparent that the learning algorithm (19) is of the
equivariance property in the sense of Lie multiplication. It
has been proved the natural gradient improves the learning
efficiency in blind separation [1]. Here we present a rigor-
ous geometric interpretation why the algorithm (19) works
efficiently for overdetermined mixtures. Using the theory
of information geometry, we can also analyze the effect of
noises on the performance of the learning algorithm. Due
to the limited space, the problem is left in a full paper.

VI. CONCLUSION

In this letter we discuss some geometrical structures on
the manifold of the non-square demixing matrices and de-
rive the natural gradient on the manifold. Using the natu-
ral gradient, we present a novel learning algorithm for blind
separation of overdetermined mixtures. The learning algo-
rithm works efficiently in blind separation. The detailed
derivation of the natural gradient algorithm and computer
simulations will be given in a full paper.
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