BLIND SOURCE SEPARATION VIA SYMMETRIC EIGENVALUE DECOMPOSITION
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ABSTRACT

We propose a new sufficient condition for separation of @ulor
source signals with temporal structure, stating that thaisgion is
possible, if the source signals have different higher setfelation
functions of even order. We show that the problem of blindseu
separation of uncorrelated colored signals can be com/¢ote
symmetric eigenvalue problem of a special covariance mziib)
= Zle b(p:)R.:(pi) depending orL-dimensional parametés,

if this matrix has distinct eigenvalues. We prove that theapee-
tersb for which this is possible, form an open subself, which

high order and a new sufficient conditions for separatioa (8-
dition (DAF) below) requiring the sources to have different higher
self-correlation functions of even order. This conditicencbe
considered as a generalization of those one described ifs¢8]
also references therein for similar sufficient conditioos tlind
source separation). It is interesting to mention that aedlaon-
dition, sufficient for deconvolution problems, using onicend
order correlation functions and expressed by power spentti-
ces is proposed in [14].

In this paper we prove that BSS problem can be converted to
symmetric eigenvector problem, for which the value of thetdeu

complement has a Lebesgue measure zero. We use a robust Ois is unimportant. So, any algorithm for eigenvector peabkan

thogonalization of the mixing matrix, which is not sensitio the
white noise, and propose a new sufficient condition for thia:
source signals to have linearly independent higher setietation
functions of even order. We propose a new one-step algarithm
based on the non-smooth optimization theory, which disggsettse
eigenvalues of the matri(b) providing sufficient distance be-
tween them.

1. INTRODUCTION

The interest of blind signal processing, especially, irhglent
component analysis (ICA) has been increased recently,dliie t
potential applications in many areas, including brain aigro-
cessing and other biomedical signal processing, speecdneeh
ment, wireless communication, geophysical data procgssliza
mining, etc. (see e.g. [1-6]).

The problem of blind source separation (BSS) is formulaged a
follows: we can observe sensor signalgk) = [z1 (k) , ..., zm (k)"
which are described as

x (k) =Hs (k) +n(k), Q)

whereH is m x n full-rank unknown mixing matrixs (k) =
[s1 (k),...,sn (k)]" (n < m) is a vector of unknown zero mean
colored (i.e. with temporal structure) source signals afkl) is

a vector of additive white noise. Our objective is to estintte
mixing matrix H and/or source signals simultaneously or sequen-
tially one-by-one assuming that they are uncorrelated (ot
essarily statistically independent) but arbitrarily disited col-
ored (not independent identically distributed), i.e. weuamse that
sources satisfy relationE {s; (k) s; (k —p)} # 0 at least for
somep = 1,2,... and have different temporal structures [4], [5].
More generally, we introduce a new condition for decorietabf

separate simultaneously uncorrelated colored sourcésdiffer-
ent temporal structures. It is worth to mention that sirnétaus
extraction of i.i.d. (independent and identically distiiéd) signals
is also possible with global convergence (see for examplp.[1

The use of second statistics approach for blind separafion o
temporally correlated sources has been developed andzadaly
by many researchers, including Amari [2], Molgdey and St#us
[15], Pham and Garat [19], Belouchrani et al. [4], Belouchend
Cichocki [3], Cichocki, Rutkowski, Barros, and Oh [6], Catki,
and Thawonmas [7], Choi and Cichocki [8], Pearlmutter anuaPa
[18], Mueller et al.[16], etc. Moreover, it should be memigal that
recently several researchers have developed a number@éeffi
algorithms for sequential blind source extraction, esgcivorks
of Delfosse and Loubaton [10],

However, our approach has some advantages that may not be
found in others at the same time. It is computationally senpl
and more efficient than Joint Diagonalization approachesiihc
employs powerful eigenvalue decomposition (EVD) [11]; riop
vides relative fast convergence (since several algorithmbeen
developed for the EVD with cubic convergence); it can solrgé
scale problem with hundreds or even thousands of sourcetodue
efficiency of available EVD algorithms, it extracts the campnts
simultaneously; does not assume non-zero kurtosis nesthés-
tical independence of the sources; does not need the sdorbes
stationary; does not need that all but one signal should hes-Ga
sian; and it is robust in respect to white additive noise vfiEn
leads to smaller errors (cross-talking between estimatertss).

2. ROBUST ORTHOGONALIZATION

In our method below we need the global mixing matrix to be or-
thogonal. The standard whitening procedure is not acckptab
since it enhances the noise. We use a preprocessing precedur



in, which is not sensitive to the white noise and which allmsto
define a new semi-orthogonal (orthogonakif= n) mixing ma-
trix for the preprocesed data [3]. The idea is to use timengd
correlation matrices that are not sensitive to additivetevhbise
and construct a positive definite matrix from their lineamtxina-
tion (for sufficiently large number of samples), a problerved

in [3] by a finite-step global convergence algorithm [22].

Let us define a a time-delayed correlation matrix of the ebser

vation vectorx(k) by

R.(p) = E{x(k)x" (k — p)} 2
and a symmetric matriR., (p) by
R.(p) = 5 {R.(n) + REG)} @

Similarly we define analogous matricBs (p) andR. (p) for the
source signals(k).

In a linear data model (1), the time-delayed correlationrimat
ces of the observation vectai(k) for anyp # 0 satisfy (due to
the assumption of white nois®.. (p) = AR, (p)A”.

Note thatR.(p) is symmetric, ifR,(p) is a diagonal ma-
trix) but in order to avoid the effect of computational es@which
could destroy the symmetricity @&.. (p)), we use (3).

i.e. the sources have different higher autocorrelatiorctions
of even order, at least for some discrete time delpys j) =

(P1(2,5)s -y P2 +1 (3, 5))-
We shall say that these functions éirearly independentif

Zpiri(p) =0 VpeR™iff u; =0 Vi. (LIAF)
=1

Define a high order covariance matrix of sensor signals by

T T
R.(p) = E{zzp, .- Zpyy ZpoN+1 h

and similarly, a high order covariance matrix of source algty

T T
Rs(p) = E{ssp, --Span Span+1 h

wherez, = z(k — p),z = z(k), s, = s(k — p),s = s(k).

We shall say that the source signals aneorrelated of order
2N + 1, if Rs(p) are diagonal matrices for evepy € RV *1.
Note that in this case the diagonal elementRofp) arer;(p), i =
1, ..., n. If the source signals are statistically independent remdo
variables, then this condition is satisfied, but the corevassertion
is not always true. We say th#te sources are colored of order
2N + 1, if for some vectopo € IR2V ™! the matrixR. (po) is

The robust orthogonalization algorithm can be summarised a nonzero (diagonal) matrix.

follows.
Algorithm Outline: Robust Orthogonalization

1. Find (by the method described in [3]), i.e. choose or es-

timate a set of parametefgy;}/<; such that the matrix
C.(a) = Zf; a;R. (pi) is positive definite.

2. Perform an eigenvalue-decompositiof®f(a), C, () =
U.A. UL, where the entries of diagonal matrix, are
the positive eigenvalues o€, (a) and compute the pre-

processing matrix) = A;%Uf.
3. Compute the preprocesed data) = Qx(k) = QHs(k).

Remark 1 By defining a new mixing matrix aA = QHD%,
whereD = Zfil aiR;(p;) is a diagonal (scaling) matrix with
positive entries it is easy to show th@t (o) = AAT = T,,,((mx
m) unit matrix), thus the matrbA is orthogonal, ifm = n.
This orthogonality condition is necessary for performimgpara-
tion of signals using EVD. It should be noted that in conttast
the standard prewhithening procedure for our robust oghaly
ization generallyE{zz" } # I,,, but it is possible to be arranged
E{zzT} = I,,, with a more complicated algorithm. Also, we
havez = As 4+ Qn, wheres = D~ s. But due to the scal-
ing indeterminacy of the sources we may write in the sequal th
z=As+n (n=Qn).

3. SUFFICIENT CONDITION FOR SIMULTANEOUS
BLIND SOURCE SEPARATION OF COLORED SOURCES

We define higher autocorrelation functions of even ordertliier
source signals by

ri(p) = E{si(k)si(k —p1) - - si(k — pan)si(k — pan41)},

wherep = (p1, ..., pan+1) € R*M ! and introduce the follow-
ing condition:

Vi, j #i 3p(i,j) € R*M* i ri(p(i,§)) # ri(p(i,4)), (DAF)

For a given vectob € R ' define

and similarly for the source signals

2N+1 L

S(b):= Y > b(p)R:(p).

i=1 p;=1

Lemma 1 If the mixing matrixA is orthogonal and matrix
S(b) is a diagonal matrix, then the matri(b) is symmetri-
cal and can be decomposed Zgb) = AS(b)AT = UAUT,
Moreover, if the diagonal matriA has distinct entries, then the
mixing matrix can be estimated @ = U up to multiplication
with arbitrary permutation and diagonal nonsingular scajima-
trices.

Theorem 1 Assume that the signals are colored and uncorre-
lated of order2 NV + 1, condition DAF) is satisfied and the mixing
matrix is orthogonal. Then

(a) foranyL > maxi<; j<n p2n+1(3%, ), there exists a vec-

torb € R*""" such that the matriZ(b) has distinct eigenval-
ues. Furthermore, the sé(L) of all vectorsb € R¥ with

this property form an open subset|®~"" ", which complement
has a Lebesgue measure zero.

(b) If U is given from anE'V D of the matrixZ(b) for some
b € B(L), ie. Z(b) = UAU7, then the estimating mixing
matrix is A = U and the separating matrix iV = A7 =
UT (up to multiplication with arbitrary permutation and diagal
nonsingular scaling matrices).

Proof. (a) Observe that the matricZb) andS(b) have the
same eigenvalues. It is easy to see that the complemes({ by

is a finite union of subspaces w2 fwe prove thatB(L)
is nonempty, then every of these subspaces must be proeer (i.



different fromRL2N+1), consequently, with a Lebesgue measure

zero (with respect tmL2N+1), therefore the complement (L)
must have a Lebesgue measure zero too.
Let {o;(b)}iL, be the diagonal elements of the mat§itb),

whereb € RX""'. Assume that two diagonal elements of
the matrixS(b) are equal, for examplei(b) = o2(b). Let
b(1,2) be a vector, which is different froth only in the compo-
nentb(p(1,2)) (p(1,2) is defined by the conditiorDAF)). Then
o1(b(1,2)) # o2(b(1,2)), because of the conditioDAF). If all
diagonal elements @&(b(1, 2)) are different, we finish the proof.
If not, suppose that;(b(1,2)) = o;(b(1,2)) for some indexes

i andj. We can change a little the componéitp(i, j)) of the
vectorb(1, 2) (keeping the other components the same) and ob-
tain a new vectob(4, j) such that;(b(i, j)) # o;(b(i, j)) (be-
cause of condition@AF) and keepingr1 (b(, j)) # a2(b(s, 5)).
Continuing in such a way, for any coupl&, r), k # r for which
or(b(K',r")) = a.(b(K',r")) (whereb(k',r') is the vector con-
sidered in the previous step), we make small chandém(k, r))
keeping the pair-wise difference of the diagonal elemeatsid-
ered in the previous steps and obtain vedgk, r) for which
or(b(k,r)) # o-(b(k,r)). So, after finite number of steps we
obtain a vectob™ for which the diagonal elements 8fb*) are
distinct. This proves the non-emptiness of the BéL) and fin-
ishes the proof of (a).

(b) This follows from the well known facts of linear algebra
[13]. =

Remark 2 An advantage of using high order correlations is
that it is possible two source signals to have the same augtao
tion functions of second order but to have different highéoeor-
relation functions of even order.

Remark 3 It should be noted that ideal case under assump-
tion that mixing matrix is orthogonal arlds (p) are diagonal ma-
trices, noise is white and uncorrelated with source sigttsco-
variance matrix is symmetrical and standard symmetricwigiee
decomposition (EVD) can be applied. If the mat#xb) is non-
symmetric (due to numerical errors) the following procedoan
be applied. Construct symmetric matriZ(b) = 1[Z(b) +
Z" (b)] and then apply the EVD.

Remark 4 If all time delaysps, ..., pon+1 are different, then
the high-order correlation matricé{zz, ...z>n z3 x4 1 } and con-
sequentlyZ(b) are unbiased by the additive noise under condition
that it is white (i.i.d.) and independent from the sourcenalg.

Remark 5 A sufficient condition for the robust orthogonaliza-
tion is condition LIAF). In this case it is possible also to choose
such set of parametetsthat the matrixZ(b) or Z(b) to be posi-
tive definite.

4. ONE-STEPALGORITHM,WHICH DISPERSESTHE
EIGENVALUESOF THE MATRIX Z(b)

We present one step algorithm which ensures that all eigezwa
of the matrixZ(b) are different and dispersed as much as we want.
For its derivation (which is omitted because of limited spare
use the notions and facts from the non-smooth analysis and th
optimization theory, contained in [9] and [12].
Consider the function:
p(b) = min_ {Xi(b) = Aipa(b)},

1<i<m

(4)

where);(b) are the eigenvalues (in decreasing order) of the ma-
trix Z(b). This function is positively homogeneous, ig(tb) =

ty(b) fort > 0. So, it is enough to find an accent directidn
of this function and then we can disperse the eigenvaluebeof t
matrix Z(b) simply by multiplication. Below we propose an al-
gorithm for finding an accent direction. We point out thasttsg
not the steepest accent direction, although we can findtéepest
accent direction with a more complicated algorithm.

For simplicity we shall consider here the case wién= 0,
i.e. the autocorrelation functions are of second ordero At®m a
practical point of view it is useful to work with a set of fixedd
global time delay., ..., pr. for all signals. So, in the sequel we
shall assume thdt € IR”, Z(b) = Zle b;R..(p;) and the con-
dition (DAF) is satisfied with respect to the sBt= {p1,...,pr},
i.e.Vi# j 3k : ri(px) # rj(pr). The algorithm is summarized
as follows:

1. Start from arbitrarp # 0, b € R”.

2. Perform an EVD of the matri(b): Z(b) = UAUT,
where A is a diagonal matrix whose diagonal elements are the
eigenvalues ofZ(b) and the columns olJ are eigenvectors of
Z(b). If ¢(b) > 0, then stop. Otherwise go to 3.

3. LetXi(b),i € I C {1,...,m} be the set of non-distinct
eigenvalues o#(b), i.e. every);(b) has multiplicitym; > 2.
Calculate theL-dimensional vectors
]T

Wik = [uZ:kRZ (pl)u’i,ka ceey u;I:kRZ (pL)u’i,k )

whereu; .,k = 1, ..., m; are the eigenvectors among the columns
of U corresponding to the eigenvalde, i € T;

4. Choose a vector (denoted 8ywith maximal norm among
the vectors{w; , — w;, : k,r = 1,...,m;,4 € I} and compute
the new vector ab. = b + 6d, where0 < 6§ < 1.

Theng(b.) > 0, i.e. the eigenvalues &(b.) are different.

If they are not dispersed enough, we take the m&(ipb.. ) for an
appropriatg > 1.

In the following theorem we show how to disperse two equal
eigenvalues. This gives an idea why directibim the above algo-
rithm has such a form.

Theorem 2 Assume that the eigenvaluggb),: = 1,...,m
of the matrixZ(b),b € IR are ordered in decreasing order,
Ak (b) has multiplicity 2, i.eAx(b) = Ar4+1(b) for somek, and
ur and ugy; are two unit linearly independent eigenvectors of
Z(b) corresponding ta\i(b). Then, for anyd # 0 we have
Ae(b 4+ 6d) # Aps1(b + 6d), where the components dfare
d; = UER; (pi)ur — UZ+1Rz (pi)ugt1.

Proof. SinceA is orthogonal, the eigenvalues of the matrices
Z(b + 6d) andS(b + 8d) = ", (b + 8d:)R.(p:) coincide.
We have

T T
A’ up = arep + avepy1, AT upyr = Preg + Poepya,

wheree;, = (0,...0,1,0, ...,0), 1 is in thek—th place anch? +
a3 = B} + B3 = 1. Denote byox (b + 6d) andrx(p;) the k-th
diagonal element of the matric&¢b + 6d) andR;(p;) respec-
tively. Observe that; = (o} — 87)7k(p:) + (@3 — B3)rkr1(pi).
Then we have:

or(b + 6d) — g41(b + 6d)

L
=i (b + 9diL)(?“k(Pi) = rk+1(pi))
=0(af — B7) D i, (ri(pi) = rsa(pi))> # 0

Note thata? # 37 sinceu andug,; are linearly independent
and the last sum is nonzero, due to conditibF), which is sat-
isfied, as we assumed, with respect to the{pet...,pr}. m



The following lemma gives accent directions of a nonsmooth
function.

Lemma 2. Assume thatf : R® — IR is a locally Lips-
chitz function, regular in sense of Clarke [9]. Lef (b) mean the
Clarke subdifferential off atb andd € 9f(b) be any nonzero
element ofdf(b). Thensup,,, f(b +td) > f(b), i.e. dis
direction in which the function can increase strictly.

Proof. By the properties of the regular locally Lipschitz func-
tions (see [9]), we have:

limg_yo, LEHDIE) _ ¢} q)
= maxceasrpyd e > ||d]|> >0. =

The derivation of the subdifferentidly(b) is complicated and
is given by the formula:

dp(b) = co{(v Rz (p1)V, ..., v/ R.(pL)v)
—(uTR; (p)u, .., uT R, (pr)u) : v € Vi,u € Vi, i € Iy},
(5)
wherel is the set where the minimum in (4) is attainag, is the
set of all unit eigenvectors corresponding to the eigem/aliand
co denotes the closed convex hull. The above algorithm is based
on formula (5) and Lemma 2.

5. CONCLUSIONS

We have formulated a new sufficient condition for blind segian
of signals and a new sufficient condition for robust orthajza-
tion of the mixing matrix, based on higher order autocotiefta
functions. Moreover, we have presented a new algorithm &% B
of colored sources based on symmetrical eigenvalue decimpo
tion, using a new procedure for dispersion of eigenvaluesyed
by non-smooth analysis and optimization. The proposed-idhyo
is robust with respect to white additive noise. Furthermaine
algorithm is suitable for large scale problem due to efficjeaf
several recently developed procedures for the eigenvatuend-
position. Most of the assertions in this paper are proveoroigs
mathematically.
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