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Abstract

In this paper we propose a new approach to blind separation of independent source signals
that, while avoiding the imposition of an orthogonal mixing matrix, is robust with respect to
the existence of additive Gaussian noise in the mixture. We demonstrate that, for the wide class
of source distributions with certain non-null cumulants and a pre-specified scaling, separation is
always a saddle point of a cumulant-based cost function. We propose a quasi-Newton approach
for determining this saddle point. This enables us to obtain a family of separation algorithms
which, based on higher order statistics, yields unbiased estimates even in the presence of large
Gaussian noise and has the interesting property of local isotropic convergence. Another family
of algorithms that incorporates second-order statistics loses the former desirable convergence
properties but it provides more precise estimates in the absence of noise. Extensive computer
simulations confirm robustness and the excellent performance of the resulting algorithms. (© 2002
Elsevier Science B.V. All rights reserved.

Keywords: Blind source separation; Independent component analysis; Equivariant algorithms; Newton
methods; High order statistics

1. Introduction

When sensors are used to collect information, we typically find that the signals
provided by them are linear mixtures of the signals of interest. We then have the
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Fig. 1. Signal model for blind separation in noise.

problem of recovering the signals of interest, termed sources, from the observed signals.
This problem, commonly known as blind source separation (BSS), is aggravated by
the fact that in many practical applications we cannot directly observe the sources
nor the way that they are mixed. BSS plays an important role in signal processing
because it can be solved using a minimum amount of prior information [5,10,14],
namely that the mixing system is invertible and that the sources are non-Gaussian and
mutually independent. This model robustness makes BSS attractive to a large number
of extremely diverse applications such as array processing, multiuser communications,
signal restoration and biomedical engineering.

Fig. 1 shows the signal model considered in BSS. Let us denote s =[s[n],s:[n],...,
sy[n]]" as the vector of source signals. We will assume that the sources are real, zero
mean and that their exact joint probability density function (p.d.f.) is unknown except
for the fact that their (f+ 1)-order cumulants Cum(s;[n],...,s:[n]) are all equal to £1.
Note that this is not any practical limitation since, in general, we can find a common
fp > 1 for which all the sources have non-zero (f + 1)-order cumulants, as long as
the sources are non-Gaussian. Therefore, for the sake of simplicity, we can remove
the scaling indeterminacy of the BSS problem by normalizing the modulo of these
cumulants to the unity.

Let us next assume that the sensors provide a vector of observed signals x = [x;[n],
xa[n],...,xy[n]]" that are a memoryless linear combination of the sources, which are
also contaminated by the presence of additive Gaussian noise. Thus

X=As+e, (1)

where A is the unknown N x N invertible matrix that represents the mixing system
and e = [e;[n],es[n],...,ex[n]]" is the vector of noise components which are assumed
in this paper to be Gaussian and statistically independent of the sources.

According to a corollary of the Darmois—Skitovich theorem [8], we can guarantee
the identifiability of the mixture, up to a possible scaling and reordering of the sources,
if we assume that the source signals are mutually independent and at most one of them
is Gaussian. The independence assumption enables us to express the joint p.d.f. of the
sources, ps(s), as the product of the marginal p.d.f. of each source, ps,(s;), i.e.,

N
ps(s) =] ps(so). )
i=1
To recover the sources from the observations we use a separating system represented
by a N x N transfer matrix B to produce the outputs

y = Bx. 3)
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The aim in BSS is to select B such that each output of the separating system retrieves a
single and different original source. The separation is obtained when the overall transfer
system G = BA is non-mixing or transparent, i.c., it can be reduced to the identity
matrix by simply reordering and scaling the sources. For the sake of simplicity in
the notation, in this paper we will consider the special reordering that results when the
overall transfer system is the identity. This consideration will not affect the contributions
of the paper.

Since the pioneering work of Jutten and Herault [19], many efficient and robust adap-
tive algorithms for BSS have been proposed and their properties investigated. These
algorithms have been developed from different points of view such as contrast func-
tions [14,26], maximum likelihood estimation [4,22,29], information transfer maximiza-
tion [6], Kullback—Leibler divergence minimization using the natural gradient approach
[2,9], and non-linear principal component analysis (PCA) [20,28]. Despite their dispar-
ity, all these adaptive rules have a common characteristic: the utilization of non-linear
functions of their outputs. This non-linearity is required because second-order statistics
are not sufficient to solve the BSS problem. However, their convergence properties are
extremely dependent on the sources distribution and the non-linearities used. More-
over, these properties are considerably different when there is Gaussian noise in the
mixture.

In this work we propose a new family of adaptive algorithms for BSS that only
use higher order cumulant functions of the outputs. We demonstrate that, unlike ex-
isting algorithms, the local convergence of our approach is isotropic and independent
of the sources’ distributions as long as these cumulants be non-zero for the sources.
Additionally, the utilization of higher order cumulants as non-linearities ensures us that
the convergence properties remain unchanged when there is Gaussian noise. However,
when only small data sets of observations are available, the use of higher order cumu-
lants results in less accurate estimates. To overcome this limitation we also propose a
second family of algorithms that includes second-order statistics information and thus
exhibits more accurate convergence.

Although recently, other algorithms such as the JADE algorithm [12], the Extended-
Infomax algorithm [17,24], the Fast-ICA algorithm [18] and the Zarzoso—Nandi algo-
rithm [31], have been shown to be able to separate sources from a broad class of
distributions; their convergence properties are still dependent on the sources statistics
and most of them need the mixing matrix be orthogonal. This is an important point
since a mixture with additive noise in the observations is usually a more realistic
situation and, trying to impose the orthogonality of the mixing system for this case
turns out to be a very sensitive and non-trivial task. This is especially true when the
noise is spatially correlated and the number of sensors is not much greater than the
number of sources, so that much of the noise subspace cannot be removed. Thus, due
to this sensitivity, the algorithms will not be operating under their required theoretical
assumptions since a certain lack of orthogonality will exist in the mixing matrix which
will favor the existence of a bias in the obtained estimates. As opposed to these ap-
proaches, the algorithms we propose here will be robust in this conditions. They skip
the previous difficulty because for them the orthogonality of the mixing system is no
longer necessary.
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This paper is organized as follows. In Section 2 we introduce our cumulant-based
approach to BSS which relates the separation solution with the specific saddle points
of a given function. In Sections 3 and 4 we present the first family of asymptotically
equivariant algorithms that converge to these saddle points and investigate their conver-
gence properties. The incorporation of second-order information is analyzed in Section
5. Section 6 extend the algorithms to the complex case and also to the situation of
more sensors than sources. Section 7 presents the results of computer simulations that
corroborate the obtained theoretical results and, finally, Section 8 is devoted to the
conclusions.

Along the paper we will use the following notation. The operator diag(-) will work
according to the MatLab convention, when the operand is a matrix, diag(-) will result in
a vector with the matrix’s diagonal elements, whereas, when the operand is a vector it
will produce the inverse operation forming a diagonal matrix with the vector elements.
The operator vec(-) will stack the columns of a square matrix of dimension N X N into
a vector m = vec(M) of dimension N2 x 1 with the usual ordering. The trace operator
will be denoted by #{-}, the Kronecker product by ®, the Hadamard product by ® and
the o Hadamard power by (-)®*. We will use C}, to denote the o-order cumulant of

the output y;. Analogously, we will denote by Ci’,/;, to the matrix whose (7, /) element

is given by the cross-cumulant function C‘yzjj/;, =Cum(Yiy..., YisVjserrsVj)- sﬁ will be a
N—_—— ——

o
short-hand notation to refer to the diagonal matrix containing the signs of the diagonal
cumulants S{f- = diag(sign(diag(Cly’f;))). Note that, at the separation, st = C}f by
assumption.

2. Source separation as a saddle point

In this section we will explain the main idea of our approach. It basically consists in
the determination of a function for which the BSS solution, regardless of the sources
densities, will always be a special kind of critical point whose properties can be later
exploited for its localization. As we will show below, the proposed method is radically
different from the usual approaches for blind separation because the desired critical
point is not maximum or a minimum of the function but a saddle point.

Since the key assumption for the separation of the sources is their mutual indepen-
dence, the most natural guiding principle for BSS is the minimum mutual information
(MMI) principle [14,30], which states that the separation can be always found as the
global minimum of the mutual information of the outputs.

In the absence of noise, y = Gs and the p.d.f. of the outputs can be expressed in
terms of the p.d.f. of the sources as py(y)= ps(y)/|det(G)|. Thus, mutual information
of the sources can be written as

N
I(Y1,....Yy) =Y _h(y:) — log |det(G)| — h(s), (4)
i=1
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where A(s) is a constant that represents the differential entropy of s. It is interesting to
observe the role of the different terms in this equation. The first term in the right-hand
side of (4), the sum of the marginal entropies of the outputs, is a measure of the
non-Gaussianity of the distribution. On the other hand, the second term, —log |det(G),
normalizes the scaling of the outputs preventing us from reaching the trivial solution
G=0.

The minimization of the mutual information is not trivial because in the first term
we need to estimate the p.d.f. of the outputs from a finite set of data. The main ap-
proaches to overcome this problem involve the truncation of the Edgeworth [14] or
Gram—Charlier [30] expansions of the p.d.f. These truncations, however, do not pro-
duce, in general, the expected good results. Note also that in many practical applications
the source p.d.f. is not known a priori and, thus, other approaches such as INFOMAX
or ML can fail to separate the sources.

In this paper we will propose to explore another possibility. Since the marginal
entropies of the outputs are difficult to estimate we will replace the measure of non-
Gaussianity by a new one, which is simpler to evaluate, but still preserves the form of
(4). We will replace each differential entropy by the respective (14 f)-order cumulant
of the outputs,

[
M) = g )
yielding the modified function
Y(G)= i |C;+ﬁ| — log|det(G)| — A(s). (6)
2T+

Other measures of non-Gaussianity could have been used, however, for the sake of
simplicity, we have chosen to use non-normalized cumulants (see Appendix G for a
brief description of the non-normalized cumulants in terms of moments).

It is interesting to observe that, although ¥(G) is no longer connected with the mu-
tual information, when the mixing matrix is constrained to be orthogonal this function
is the contrast for BSS proposed by Moreau and Macchi in [26]. But, in our approach,
we prefer not to impose such a constraint because the exact orthogonality of the mix-
ing matrix is not easy to obtain in the presence of additive and possibly, spatially
correlated, Gaussian noise. The following theorem illustrates how, in comparison to
the usual techniques for BSS, the separation solution is not a minimum or maximum
of ¥(G) but a saddle point instead.

Theorem 1. If all sources have (1 + f)-order cumulants of unit modulo and f is an
integer >1, source separation is always a saddle point of the function

s e
¥(G)= :
=ik

— log|det(G)| — h(s). (7)
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Proof. Let us first demonstrate that the gradient of ¥(G) vanishes at source separation
(i.e., at G =1 or any permutation matrix). Using the cumulants properties we obtain
in Appendix A that the gradient of ¥(G) with respect to G is

G _gpen gt
G =SCLs — G (8)
Equating the Gradient to zero, it is straightforward to see that our estimating
equation is

1
sich! =1 ©)

Since this equation only depends on the outputs, when there is no noise in the mixture,
its solution will lead to an equivariant estimate of matrix G [11]. Moreover, when there
is additive Gaussian noise in the mixture, the equivariant property will also hold in the
asymptotic sense as the number of data points increases to infinity, thus, providing us
with reliable estimates of the involved cross-cumulants.

At separation, G =1, and this equation will always hold true because CE’SISE =1L
It is interesting to point out the similarity between the estimating equation (9) and
those that, coming from the maximum likelihood method, seek the diagonalization of
a non-linear correlation matrix E[f(y)y"] =1 where f(-) is the score function [11,16].
The structure of both estimating equations is similar but, in our proposal, we employ
cross-cumulant matrices instead of non-linear cross-correlations.

Next, let us examine the nature of the Hessian of ¥(G) at separation. The Hessian
matrix, calculated in the Appendix A, is given by

, e oP(G) \'
AY(G) = o(vec G)T vee (6(vec G)T>

= pdiag(vec((G~)SISI)) + A (G™HT @ G™), (10)
where # 'y is the commutation matrix, i.e., the permutation matrix that verifies 4y
vec(M) = vec(MT).

At separation, we observe that

HW|g=1 = pdiag(vecl) + A y. (11)

Since the eigenvalues of the Hessian matrix at separation (11) are {1 + f,1,—1}, the
Hessian is neither positive definite or negative definite, proving that the separation is
always a saddle point.

In order to graphically illustrate the previous result we show in Figs. 2 and 3 the
shape of Y(G) (for =3 and N =2) in the neighborhood of the separation point. In
this case, the Hessian matrix at separation takes the form

148 0 0 0
a4 0 00 (12)
Tl o0 10 o |

0 00 1+8
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Fig. 2. Shape of the function ¥(G) obtained when =3 and the sources have the same kurtosis signs. The
separation solution, which is located at the origin, is a saddle point.
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Fig. 3. Shape of the function ¥(G) obtained when ff =3 and the sources have different kurtosis signs. The
separation solution is also a saddle point.
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Since we are restricted to plotting the value of the function over a two dimensional
subspace, we will use as input the subspace spanned by the following pair of variables
(u,v). These are extracted, respectively, from a local symmetric and skew-symmetric
parameterization of the 2 x 2 global transfer matrix G. This parameterization, proposed
in [10], is given by

Glu.v) = <cosh(u) sinh(u) > (cos(v) —sin(v)) .

sinh(u) cosh(u) / \ sin(v)  cos(v)

We can observe from both figures that the separation solution (G=I), which is attained
at the origin of the graphs, is always a saddle point of ¥(G) regardless to the kurtosis
signs of the sources.

3. Quasi-Newton algorithms

In this section we will present the first family of algorithms that converge to the
separation solution. Since source separation is not a minimum or maximum of Y(G)
but a saddle point, we cannot use gradient-based approaches such as the conventional
gradient or the natural gradient [2,11,13] to adapt the separating system. Instead, we
propose to find the BSS solution by using a preconditioned method which employs
the second-order information available at separation. In order to find the zeros of the
gradient, we propose the utilization of a preconditioned iteration [21] of the form

vee GUD = pec G — 1" (AW vee (g‘(l}l) , (13)

where # ¥ is an approximation of the true Hessian matrix in the neighborhood of the
separation. This class of numerical algorithm is a variant of the quasi-Newton chord
methods [21].

Our proposal for the Hessian approximation is

HP(G)=H#y(GHT @G, (14)

which only differs from the true Hessian matrix in the diagonal terms. Moreover, this
difference will become negligible at separation since the eigenvalues of the Hessian
approximation at this point are those of the true Hessian but with unit modulo. On the
other hand, as we will show in Appendices B and C, this difference is significant at the
deceptive solutions of the estimating Eq. (9). For these, the sign of some eigenvalues
of the Hessian approximation will change with respect to those of the true Hessian,
avoiding, in this way, the possibility to converge to non-separating solutions.

Substituting (14) in the iteration (13) and returning to the matrix notation we arrive
at the following algorithm:

G =G — u(Chish - HG™. (15)
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Multiplying (15) from the right by A~! we obtain the iteration in terms of the sepa-
rating system

B = B™ — y(CLASk — 1B, (16)

which we will denote as the cumulant-based iterative inversion (CII) algorithm. This
name comes from the fact that this recursion can also be interpreted as a quasi-Newton
algorithm that iteratively inverts a robust estimate of the mixing system. In our case,
this estimate is given by A(B™)= Ci;€S§ (see [15,16] for more details). Incidentally,
it is interesting to observe that when we set § =1 in the CII algorithm we find the
following recursion:

B = (1 — p"(C}), — 1))B™ (17)

that seeks the diagonalization of the symmetric correlation matrix Cly’jly. This is the
globally stable decorrelation algorithm proposed by Almeida et al. in [1].

When implementing the algorithm CII it is useful to take into account that S{; =
diag(sign(diag(Cly’,ﬁ))) and that the cumulant matrix C;’f; can be obtained in terms of
the moments of the outputs by using the relevant expressions from Appendix G. For
instance, when we consider real signals and § =3 the CII algorithm can be written in
compact matrix form as

BHD =BY — y " ((Ely(y®*)"'] - 3 Elyy'] diag(E[y**]))S] — DB",  (18)

where the diagonal elements of the matrix Si are defined as [S?V]l-l- = sign(E[y}] —
3ED).

Finally, it is possible to observe that the stochastic versions of the CII algorithms
share a similar structural form with the Natural Gradient adaptation [2,11] except that
now the positions of the linear and non-linear functions appear interchanged, i.e.,

B = B — u(yg(y)" ~ DB, (19)

where g(-) is the suitable function that acts componentwise on the output’s vector.
3

% and S, are,

respectively, the adaptive estimates of the power of the ith output and of the sign of

its fourth-order cumulant.

For instance, when =3, we find [g(y)], = (3} — 3 yi&ii )S‘il where 62

3.1. Optimal choice of the step-size

Since the CII algorithm is of the quasi-Newton type, we should ensure that it always
works in the regions where ¥Y(G) is continuous. This means that we should not reach or
cross the discontinuities that occur when matrix B becomes singular. Since a necessary
condition for B"+D = (I — 4¢)B™ to be singular is that |4 > 1 for any chosen
matrix norm, we only need to ensure that ||A"|| < 1. Therefore, taking into account
the triangular inequality

IC3AS) — Tl < 1+ [[Cishll = 1+ ICh (20)

»y=y »y=y
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it is sufficient to choose

. 2n n
(n) _
w" = min , 21)
(1 +np 1+n||C‘y1’i||>

to avoid B"*+!) becoming singular. Here 5 <1 and the term 2#7/(1+#5f) will be justified
later from the convergence properties of the algorithm.

3.2. Using other higher order information

One of the disadvantages of the CII algorithm is that it cannot be used when the
C** cumulant is zero for any of the sources. To overcome this limitation we can
use a set of indexes Q={p,...,fn,: Bi € NT, ;£ 1} such that the following sum of
cumulants > e \Cslfﬂ | do not vanish for any of the sources. The existence of at least
one possible set Q is ensured by the non-Gaussianity of the sources. Then, instead
of using a single cumulant, we can measure the non-Gaussianity in (4) by using a
weighted sum of several cumulants of the outputs whose index f belong to the set £,
1Le.,

[
W v: w L 22
() = D Wiy 7 (22)

peq

where the positive weighting terms wy are chosen so that ) peo wp=1. With 1 ZQ
we will assume that second-order information is excluded from this weighted sum.

Following the same steps as before, it is straightforward to see that separation is
still a saddle point of the resulting function. Similarly, we can derive the generalized
and cumulant-based iterative inversion (GCII) algorithm to find this saddle point,

B = B™ — ) | N " ClASE -1 | B, (23)
peQ

where

. 2n n
(n) _
1 = min , (24)
{ L2 pea Wil 141 Y geq weCihSh| }

and with n <1 and 3 5 o ws=1.

Since the extended algorithm exploits several cumulants matrices it will be more
robust in the sense of reducing the probability that some bad choice of cumulant order
results in near zero values of the weighted sum of cumulants for some sources. In
addition, the use of several cumulants matrices increases the statistical information
exploited by the algorithm.

It is outside of the scope of this paper to discuss the optimum weighting factors
that should be used. Nevertheless, as a rule of thumb one can choose them to be
proportionally inverse to the variance of the cumulant estimates.

The cost function (6) and the accompanying algorithms can be extended to appli-
cations for colored and non-stationary source signals. This can be done by replacing
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the cost function (5) and the self-cumulants C& ? with cross-cumulants of the form
Cum(yi[n], yiln — p1l,...,yiln — pgl) where pi, k=1,..., B, are suitably chosen time
delays that satisfy Zﬁe(z Cum(si[n),si[n — p1],...,sin — ppl) #0 Vi. In this case, it
is straightforward to observe that the algorithms have the same structural form as be-
fore except for the fact that the entries of the cross-cumulant matrices should now be
defined as follows: Cy,, = Cum(yi[n], y;[n — pil,..., y;[n — pp)-

4. Convergence properties

In this section we present two theorems about the convergence properties of the CII
and GCII algorithms. The demonstration is given for the CII algorithm although the
extension to the GCII version is straightforward.

Theorem 2. Under the same conditions of the theorem I, the local convergence of CII
and GCII algorithms, with a constant step-size, is almost isotropic and independent
of the sources distribution.

Proof. Let us start by rewriting the CII1 recursion (15) in vector form
vec GV = vec G — pvec((C}ESH —G™). (25)

It is well known that the linearized version of any algorithm around the separation
point determines its local convergence. The truncated first-order Taylor expansion of
the CII iteration (25) at separation (G =1) is

vec(G" ) = vec T + 7 vec(G™ — 1), (26)

where ¢ is the overall Jacobian of the adaptation at separation. Defining .# as the
N? x N? identity matrix, we can express this Jacobian matrix (see Appendix D) as

I =9 — (I + Bdiag(vecl)). (27)

We can observe from Egs. (26) and (27) that the diagonal structure of the Jacobian
matrix locally decouples the iteration for each element of G. In fact, defining /4 =
1 —u(1+4 ) and A, =1 — p, the iteration (26) can be decomposed separately for the
diagonal and non-diagonal elements of G as follows

(G = 1) =26y — 1),

12

Gy = 26y}, (28)
for all i,jl;z; = 1,...,N. We can see from Eq. (28) that the local convergence is
determined by the |/4| and |/,| factors. Then, as long as the (1 4 f)-order cumulants
of the sources do not vanish, the local convergence does not depend on the sources
p-d.f. In addition, the necessary and sufficient conditions for the asymptotic stability of
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the algorithm are given by |4,| < | and |44 < 1. Both conditions can be rewritten for
the adaptation step-size as

0<u<min{liﬂ, 2}. (29)

Next, let us show that the CII algorithm exhibits almost isotropic convergence. The
convergence of an algorithm is isotropic when the convergence rate is the same for all
its adaptive elements. In our case, the convergence rate of the diagonal and off-diagonal
terms of G is governed by the factors |14 and |4,|, respectively. From this result,
and considering separately the behavior of the sets of the diagonal and non-diagonal
elements of G, the elements of each of these sets converge isotropically (at the same
rate) to the separation.

It is easy to see from Eq. (28) that the convergence rate will increase when |/q|
and |4,| approach to zero. But since it is not possible to drive both factors to zero
at the same time, we should find a compromise between the convergence speed of
the diagonal and non-diagonal terms. Since near the solution the non-diagonal terms
have greater importance for the separation, it is preferable to set |4,| =0 which means
that u = 1. However, we are limited by the local stability condition associated with
the convergence of the diagonal terms, i.e., u < 2/(1 4+ f). Then, in order to choose
the step-size closest to unity, while at the same time ensuring the convergence of the
algorithm, we propose to set

w= (30)

with #<1. When 5 ~ 1 (although it is always < 1) the convergence of the diagonal
terms is under-damped and exhibits oscillations. Nevertheless, the convergence speed
of the other terms increases.

We have shown that, by analyzing separately the diagonal and non-diagonal terms of
G, and under the conditions of Theorem I, the local convergence of the algorithms
is almost isotropic and independent of the source statistics. These properties are quite
unusual with respect to the existing blind separation algorithms whose convergence and
convergence rates usually depend on the source statistics. Moreover, as opposed to our
approach, most of the competing algorithms [12,18,31] need the mixing matrix to be
orthogonal. This is a condition that is difficult to impose when there is additive noise
in the observations because it is usually sensitive and, thus, non-robust.

Theorem 3. The convergence of CII and GCII algorithms will not be biased by the
presence of Gaussian noise in the mixture.

Proof. This theorem is straightforward to prove if we take into account that the CII
and GCII algorithms use higher order cumulants as non-linearities and that the higher
order cumulants of Gaussian stochastic processes are all zero.
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5. Using second-order statistics

In general, since they contain useful information for the separation, it is desirable
to incorporate second-order statistics into the adaptation rules, even though, when the
sources are stationary they cannot carry out the blind separation by themselves. The
main advantage of using second-order information is that their estimates have a lower
variance than the estimates based on higher order statistics. But, unfortunately, us-
ing this information the algorithm will become biased when noise is present in the
mixture.

For reasons of simplicity, let us consider in this section that the sources have constant
unity variance instead of a certain constant cumulant modulo. Taking into account this
consideration, the orthogonal constraint of the global matrix G will be tantamount to
the decorrelation of the outputs, i.e., C};} = GG'=1

In this section, to improve the separation in the noiseless case, we will present
two methods to combine second-order and higher order information. The first method
consists in the direct inclusion of the second-order cumulant into the weighted sum of
cumulants. The second embeds the decorrelation adaptation (17) and the GCII algorithm
into a single recursion.

The direct inclusion of the second-order cumulant into the weighted sum will be
referred as the GCII+ algorithm. It can be obtained by substituting the set Q2 in the
cost function (22) and also in the recursion (23) by using the modified set QF =

{l,ﬂz,...,ﬁNQZ ﬂi S N+},

BUHD = [T— ™ | Y wpCllish —1) | B™. 31)
peQr

This modification keeps the separation solution as a saddle point of the cost function
but changes the convergence behavior of the recursion. As shown in Appendix E,
we loose the isotropic convergence property for non-i.i.d. sources. Furthermore, the
adaptation step size has a slightly different constraint given by

[ 2n n )
(n) _
,L( = min ) 1’5 9 (32)
(ﬁmax L+ 1] Y peq- wpCiihShl|

where # < 1 and fmax = maxpgeo+{f}.

A different way of incorporating second-order statistics uses serializing the decorrela-
tion algorithm (17) with the GCII algorithm. This way of combining both adaptations
is similar to the technique used by Cardoso and Laheld in [11]. Following this ap-
proach, we will split the separation system in two parts B = UW. The first system,
with outputs z=Wx, will account for the prewhitening of the observations. Thus, the
decorrelation adaptation

WD — (I — 'u(ln)(czl,,zl _ I))W(") (33)

will be suited for this objective. On the other hand, the second system U, whose
outputs are y = Uz, will provide the adequate rotation that separates the sources. This
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can be accomplished, for instance (when ff>1), by maximizing the contrast function
proposed by Moreau and Macchi in [26]

| 1+,B
subject fo UUT =1, (34)
1 + ﬁ

or, in general, maximizing

W= wgy subject to UU" =1L (35)
peQ

The maximization of ¥ can be carried out in the Stiefel manifold of orthogonal matrices
using the natural gradient ascent direction [3]

. 3¥(U) oP(U)\'
Vot =—5g U( au )Y
— Z wp(S,ChL, — CL3S,)Uu™, (36)
pEQ

which results in the following algorithm:

U = U™ 47y (S, C3 — C13S,)U”. 37)
peQ

Since B") = UMW we can serialize both algorithms [11]

B(n-H) _ U(n-H)W(n-H) (38)

I+ (S, G - Cl3s,) | U,
peQ

(I — @"(Ch! = T)W™ (39)

WOCY, D+ Y wy(S,Cl) - C)3S,) | BY
peQ

+ 00"y (40)

and, neglecting the term O(,u(ln)ug")), we obtain a new cumulant-based EASI
algorithm

BUD = [ 1— u(CL =D+ 157> wy(S,C3) - €3S, | B, (41)
peQ

which we will denote as CEASI.
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So that the step sizes, ,ugn) and ,ug') , prevent the separating system from reaching

singularities; it is sufficient that they do not exceed the following bound

(n) _ n
r (42)
D THlCy = Epeq wiS,Ciiy — CiS))|

for any given matrix norm and #n < 1.

Since it imposes a fixed variance for the outputs, one of the disadvantages of this
way of incorporating second-order statistics is that we lose the isotropic convergence
property for non-i.i.d. sources. Then, the convergence could slow down when there
are large differences in the weighted sum of cumulants between the sources. In spite
of this, if the adaptation steps-sizes are properly chosen, the method will always be
locally convergent to the separation. This issue is addressed in Appendix F where we
calculate the local stability conditions for the algorithm and the resulting constraints
for the step-size. Simple expressions for the step-size that satisfy these constraints and
at the same time are close to their locally optimal values are given by

1

(n)

== 43

lul* 27 ( )
—1

n 1

u) = 5 | max, /;EQW [eisad : (44)

Then, combining all the constraints and recommendations for the step-sizes, we finally
choose

" =min{uf", .},

g = min{uf”, i)}, (45)

6. Extensions
6.1. Complex sources and mixtures

The extension of the previous algorithms to the case of complex sources and mixtures
is obtained by simply replacing the transpose operator (-)' with the Hermitian or
conjugate transpose operator (-)! and by changing the definition of the cumulants
and cross-cumulants. Whenever 1 4 f is an even number, it is possible to define the
cumulants as

CL P = Cum(yi,...,vi, vve o, V7). (46)

153 14
2 2

It is easy to show that they are always real. This makes possible to replace the real
gradient operator used in the derivations by the complex gradient operator defined
in [7], with exception of the interchange of the Hermitian and transpose operators
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mentioned above. These modifications yield to the same results. We should also note
that the cross-cumulant C;;,/;/ is now defined as

C}l,l’_f;/_ = Cum(Yi, Yjs--s Vjs Vis Visees Vi )- 47)
' e

B 144
2 Z

6.2. More sensors than sources

The derivations of the proposed algorithms and its stability analysis has been per-
formed in terms of the global transfer matrix G. As long as this matrix remains square
and non-singular, these derivations in terms of G still fully apply. This also includes
the case where the number of sources and outputs (recovered sources) coincide with
N and the number of sensors M is greater than the number of sources (M >N).

As an example, let us take the CII adaptation derived in terms of G as

G =1 — u"(CLESE —1))G™. (48)

»y=y

We can post-multiply it by the pseudo-inverse of the mixing matrix AT =(AFA)~'AH
to obtain

B VP, = (I — u(CL/S! —1)B"P,, (49)

where Py, = AA™ is the projection matrix onto the subspace spanned by the columns
of A. Thus, the algorithm is now defined in terms of the separation matrix B""+1DP4
instead of B”"*1). Nevertheless, we can remove the projection term P, to obtain the
CII2 algorithm for the non-square matrix case:

(n+1) _ (n) 1, ] (n)
B = (1 — p(CYISE —1))B™. (50)

This removal does not affect the signal component of the outputs since PAA =1 and,
therefore, the separation is still performed. Similarly, we can also extend this reasoning
for the GCII, GCII+ and CEASI algorithms in the case of more sensors than sources.

6.3. MMSE separating system

In the previous sections we have analyzed the ability of the CII and GCII algorithms
to converge towards the point B=A~! and we have seen that convergence at this point
is not biased by the presence of Gaussian noise. In the absence of noise, the separating
system B=A"" is optimum because the sources are perfectly recovered at the output.
However, when there is noise, this separating system may yield to an amplification
of the noise at the outputs, especially if the mixing matrix is ill-conditioned. This
phenomenon is also observed in channel equalization experiments when the zero-forcing
criterion is used [25].

To avoid this limitation we can use the minimum mean square error (MMSE) sep-
arating system that exhibits a desirable balance between source separation and noise
enhancement. The MMSE separating system, obtained from the classic orthogonality
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principle when (y —s) and x are orthogonal, is given by
Byise = €y} (Cr)) ™' (51)

where Cslx1 is the cross-correlation matrix between the sources and the observations,
while Cl! is the autocorrelation matrix of the observations.

An issue that should be taken into account is that the proposed algorithms will be
able to separate the source signals up to a scaling factor (associated to a diagonal matrix
A) and a possible permutation of the sources P in such a way that G = AP. In order
to completely eliminate the indeterminacies of the separation matrix we can assume
that by using some indirect knowledge (such as the shape of the p.d.f. or the value of
the cumulants of order 1+ f of the sources) we can determine this permutation matrix
and the mentioned scaling factor. Otherwise, these indeterminacies will propagate also
to the MMSE matrix.

Since the noise and the sources are mutually independent, the MMSE solution can
be rewritten in terms of the sources correlation matrix CSISl as

Bumse = Cy  PTA*B~H(Cp) ™! (52)

or, using the matrix inversion lemma, in terms of the noise correlation matrix
Clt as

Bymse = PTA7'B(I— CLU(Cy) ™). (53)

7. Simulations

Computer simulations were carried out to illustrate the performance of the proposed
algorithms. In order to better represent the simulation results, we chose to use complex
signals. This way we can observe the degree of separation that has been reached from
the plot of their values on the complex plane.

In a first computer experiment we chose three sources with different p.d.f.s. The first
signal is a 16-QAM (a communications signal used in Quadrature Amplitude Mod-
ulation digital transmissions [25] whose constellation has 16 complex discrete values
or symbols) and has negative kurtosis (fourth-order cumulant). The second one is a
4-QAM signal whose kurtosis is also negative and the third signal is an asymmetric,
real and zero mean source with positive kurtosis. This last source was generated by
raising the samples obtained from a uniform random variable U[0,1] to the seventh
power and then subtracting its mean (1/8). All the sources are normalized to a unit
power. We define the mixing matrix in terms of the complex number ¢ =1+ as

1 0.8¢ 0.5¢*
A= 05 1 0.7¢ |. (54)
0.8¢* 0.5¢ 1
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Fig. 4. Performance index versus iterations in the noiseless case: CII continuous line, GCII+ dashed line,
CEASI dashed—dotted line, Extended-Infomax dotted line.

The algorithm performance is measured in terms of the following index Pipgex:

N N N

Puo =3 (Ll 1 )3 (S i 1) oo
index max{\G,«1|2} . max{|G1-|2} .
] =1 ] /

=1\ j=1 i=1

The three algorithms CII, GCII4 and CEASI, have been implemented in a batch way in
order to obtain an accurate comparison between them and also to verify their theoretical
properties. Nevertheless, on-line adaptive implementations for them are also feasible.
The Extended-Infomax algorithm [17,24] has also been implemented for comparison
purposes. The cross-cumulants of the outputs have been estimated in terms of the
moments as shown in Appendix G and these statistics were calculated from a data
block of 5000 observations. The common parameters are 1 =0.9, Q= {3} for the CII
and CEASI algorithms, Q" = {1, 3} for the GCII+ algorithm, and the 1-norm used
for the calculation of the step-sizes.

The convergence results are shown in Fig. 4 for the noiseless case. We can observe
that even though the three sources have very different p.d.f. (with different kurtosis
sign) the algorithms all converge to the separation. However, the CII algorithm is
the one that presents greater convergence speed, reaching the separation in about 10
iterations. This greater speed is a consequence of the local isotropic convergence of
this algorithm. The fact that asymptotic performance reached by the CII algorithm
is slightly poorer than that of the others is because this algorithm only exploits the

information present in the statistic Cly’,3y, whereas the algorithms GCII+ and CEASI
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Fig. 5. Performance index versus iterations in the noisy case: CII continuous line, GCII4 dashed line, CEASI
dashed—dotted line, Extended-Infomax dotted line.

Table 1

Minimum mean square error between the sources and the different signals

Signals X y YMMSE Vse
MMSE 1.35 0.45 0.38 0.02

also use second-order statistics. We additionally observe that the Extended-Infomax
algorithm converges much slower than the proposed cumulant based algorithms.

The results corresponding to the noisy case are presented in Fig. 5. The input SNR
is only 5 dB. The convergence of the CII algorithm is equal to the previous case, thus
corroborating its theoretical unbiasedness with respect to the Gaussian noise. This does
not occur for the other algorithms whose performance degrades in the presence of noise.
Fig. 6 shows the results obtained for the CII algorithm in the previous experiment. The
first column depicts the sources, the second column the observations, the third column
the outputs after convergence and the fourth column the signal component of each
output. It can be seen that, even though the outputs are distorted due to the noise, the
algorithm has been able to separate the sources.

If we assume we know the sources or the noise power, we can find the separation
matrix associated to the MMSE criterion. Let us assume that we are able to remove the
BSS indeterminacies, i.e., we know A and P. Table 1 indicates the resultant MMSE of
the following signals: the observations (x), the outputs after separation (y), the outputs
obtained after applying the MMSE criterion (ymmsg), and the signal component of
the outputs after separation (ys). This result, combined with several other simulations,
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Fig. 6. First column: source signals. Second column: observations. Third column: outputs after convergence.
Fourth column: signal component in the outputs.

confirms the hypothesis that for moderate/high signal-to-noise ratios and well-
conditioned mixing matrices the MMSE solution is usually close to the separation
solution. This fact can be also inferred from Eq. (53).

Finally, in order to corroborate the convergence analysis of the algorithms, we sim-
ulated the response of the algorithms in a situation where the number of sensors is
greater than the number of sources and the sources are non-identically distributed.
We consider eight sensors and a set of five non-i.i.d. sources with unit variance and
whose kurtosis are chosen randomly during each simulation from an uniform distribu-
tion within the interval [ — 2,2]. We also consider no noise in the model as well as
mixing and separating matrices whose elements are generated randomly during each
simulation. The parameters chosen for the algorithms were the same as before. We will
assume in the simulations that infinite length data is available so that the estimates of
the involved cross-cumulants have zero variance. The results of 50 different simula-
tions for each algorithm are shown in Figs. 7-9 . We can see from the figures that
all the algorithms are convergent to the separating point. Fig. 7 shows that for the CII
algorithms, the asymptotic rate of convergence does not depend on the mixing nor on
the source distribution. This fact corroborates both the isotropic local convergence of
the CII algorithm and its independence with respect to the sources statistics. As can
be seen from Figs. 8 and 9, the GCII+ and CEASI algorithms lose the isotropic local
convergence when the sources are non-i.i.d.
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Fig. 7. Convergence of fifty random simulations of the CII algorithm for different sets of five sources and
eight sensors, where each source has a random kurtosis within the interval [ — 2,2].

10? i i i i T T T T T
10* E _ 1
10° A\
10*
10
103

10

10°

PERFORMANCE INDEX

10

107

108 L L L L .
0 5 10 15 20 25 30 35 40 45 50

ITERATIONS

Fig. 8. Convergence of fifty random simulations of the GCII+ algorithm for different sets of five sources
and eight sensors, where each source has a random kurtosis within the interval [ — 2,2].
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Fig. 9. Convergence of fifty random simulations of the CEASI algorithm for different sets of five sources
and eight sensors, where each source has a random kurtosis within the interval [ — 2,2].

8. Conclusions

We have presented a new approach to blind source separation using cumulants.
The method is motivated by the fact that, almost regardless of the distribution of the
sources, separation can be achieved by seeking a saddle point of a cumulant-based
cost function. This way we overcome the limitations of the INFOMAX and Maximum
Likelihood approaches that may not work when the marginal p.d.f.s of the sources
are unknown. To determine the saddle point of the proposed cost function we have
used a quasi-Newton method that yields several families of algorithms for BSS. The
convergence properties of these algorithms have been investigated and their local con-
vergence has been demonstrated. The family of algorithms which only use higher order
cumulants, as opposed to many of the existing algorithms, avoids the need of using
sensitive preprocessing stages to orthogonalize the mixing matrix. This leads to more
robust estimates. Moreover, the algorithms in this family also exhibit the following
interesting properties: local isotropic convergence, a local convergence behavior almost
independent of the source statistics and asymptotic equivariance of the estimates even
in the presence of additive Gaussian noise.

9. For further reading

The following reference may also be of interest to the reader: [23].
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Appendix A. Gradient and Hessian of ¥(G)

Let us calculate the gradient of the function ¥(G) defined in (7). First note that it
can be rewritten as

P(G) = ﬁtr{SBCIﬁ} log|det(G)| — h(s). (A.1)

Taking into account that
Chh = GCLl (GO (A.2)

and the multi-linear property of the cumulants [27], it is easy to compute the first
differential of ¥(G) as

d¥(G) = tr{(C-'Sf — G~ 1)dG). (A.3)

5,y
Therefore, the gradient of ¥(G) with respect to G is given by
0Y(G)

1 -T
= sichi -G (A4)
In order to compute the Hessian we take the second differential,
d*¥(G) = tr{(CLPd(GF)'S) — dG~1)dG} (A.5)

=tr{(B (C2/~" ©dG")S) + G'dGG ") dG} (A.6)

= (vec dG)" (B diag vec(GP~VSIS))) vec dG
+ r{G"'dGG'dG}. (A.7)
Thus, after some straightforward manipulations, we obtain the Hessian matrix
HV(G) = Bdiag(vec(GZP~VSISI)) + 4 y(GT)T @ G™), (A.8)

where 4"y is the permutation matrix for which 4"y vec(M) = vec(M").

Appendix B. Solutions of the estimating Eq. (9)

The estimating equation we propose to solve is given by

Séch! =sSEGSI(GOF) =1L (B.1)

y=ry

Let us denote g;. as the ith row of matrix G. Then, we can rewrite equation (B.1) as
the following set of conditions for all 7,|;; = 1,...,N:

(g7".g;:S!) =0, (B2)

(Sle’ g:Sl)y =1, (B.3)
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where (-,-) denotes the inner product of two vectors. From (B.1) we observe that GSf
has full rank, thus, its rows form a set of N linearly independent vectors that span the
whole real space of dimension N. Taking this into account, the only possible solutions
to the Egs. (B.2) and (B.3) are of the form

gl = g, 8! (B.4)

= (||g:||>S" )g:.SP. (B.5)

All the non-zero elements of the ith row of G must have modulo (k;)"/#~1 where k;
is the number of the elements in g;. that are non-zero.

Let us only analyze, for the sake of brevity, the case of f odd. From Eq. (B.4) we
observe that g;; =0 if S, # SS/ Vi, j, thus, we do not need to worry about the signs of
the cumulants because they will have no effect on the non-null elements of G, and we
can remove them in our study.

With this idea in mind, the candidates to solve (B.1) can be rewritten as

G =diag([ky,. .., k,])"VP+DH, (B.6)

where all elements of H belong to the set {—1,0,—1}. Substituting G into the esti-
mating Eq. (B.1) yields the following equivalent condition:

HH' = diag([ky, ..., k,]). (B.7)

The solutions of this equation are those matrices H which (up to row permutations)
are diagonal by blocks, and whose m blocks are Hadamard matrices of respective
dimensions /; x [; where i=1,...,m.

The Hadamard matrix of size one is just H¢y = 1. Given the Hadamard matrix of
dimension n X n one can construct another matrix of dimension 2n X 2n using the
following recursive procedure:

(B.8)

A necessary condition for the existence of a Hadamard matrix of a given dimension
n X n (where n > 2) is that n be divisible by 4.

Appendix C. Stability analysis of the deceptive solutions of (9)

When the solution of the estimating Eq. (B.7) involves a single Hadamard matrix
[} =N, it is easy to obtain the minimum eigenvalue of the Hessian matrix (10), which
is given by

Janin = (B — 1) - [N" 71| > 0. (C.1)

As a consequence of § > 1, we can observe that the true Hessian at this point will be
positive definite regardless of N, indicating that this solution is a minimum of Y(G)



S. Cruces et al. | Neurocomputing 49 (2002) 87118 111

%
‘OMII;}II;;IIIII
S
N7

FUNCTION PSI(G)
o
s

<S>
S ——

SKEW SYMMETRIC 04 -04

SYMMETRIC

Fig. 10. Shape of the function ¥(G) in the vicinity of the deceptive solution G = (1/2)/+A)[1,1;1, —1]
when f = 3. The deceptive solution, located after a local parametrization at the origin, is a minimum of

P(G).

(see Fig. 10). Since the proposed algorithm was designed to converge to saddle points,
this kind of deceptive critical points of the estimating equation cannot be stable points
for the algorithm.

On the other hand, when the solution of (B.7) is not formed by a single Hadamard
matrix, but by a combination of several Hadamard matrices, then G (up to row per-
mutations) is also diagonal by blocks with the same structure of H, i.e.,

(C.2)

Note that at the separation solution (/ = N) all the diagonal blocks are of
dimension 1.

If we analyze the behavior of ¥(-) only with respect to those elements of each block
G; (while keeping the remaining coefficients constant) we observe from (C.1) that the
critical points that satisfy the estimating equation are local minima of ¥(G) in their
respective subspaces. This is easy to prove since the Hessian matrices of ¥(G) with
respect to the elements of each of the blocks G;, i=1,...,/, are positive definite at the
critical points of the estimating equation. Thus, at any deceptive solution (I #N) the
true Hessian will differ with respect to the approximated Hessian in the sign of some
eigenvalues and, therefore, it will be an unstable point for the proposed algorithm.
Only for the special case of the separation, i.e., when all the diagonal blocks are of
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size 1, the true Hessian and the modified Hessian share the same eigenvalues signs
and, therefore, only at the separation is the solution stable.

Appendix D. Jacobian of the adaptation CII at the separation

Given the CII adaptation in terms of the global system
(n+1) — G LG ()
G =G" — wCyiS - DG (D.1)

we can define the matrix ¢ as a small perturbation of the global transfer matrix from
the separation, i.e., =G —I. Substituting G in terms of ¢ and, taking into account
that close to the separation Sf, =sf , we can expand the iteration as

G =T +2) — w((T+ &)CLl (X +)®P)TSE — (A + ¢) (D.2)

=1+¢— u(e+ p diag(diag(e))) + o(|¢]). (D.3)

Then, the first-order Taylor expansion of vec(G”*1) in the vicinity of the separation
(e=0) is given by

vec(GUDY) = vec I + (S — W(I + pdiag(vec)) vec(G™ — 1), (D.4)
where .# is the N> x N? identity matrix. Thus, the sought Jacobian is
J=J9 — (I + Bdiag(vecl)). (D.5)

Appendix E. Local convergence of the GCII+ algorithm

The iteration of the GCII4 algorithm rewritten in terms of the global transfer matrix
is given by

G = |T—p| > wCisi—1| | G™. (E.1)
pear

Let ¢ be again defined as a small perturbation at the separation solution such that
G =1+ &. Here, for the GCII+ algorithm, we will assume that the scaling of the
sources is such that at the separation, G =1, the following relation holds true:

> wChisi =1 (E.2)
peQ+

Then, the first-order Taylor expansion in ¢ of the iteration (E.1) is given by

G =T+ (1 — p)e— ,uwlcsl,:slsT

—u| D BwsChISh) diag(e) + o). (E3)
peQ.p#]
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Similarly to previous algorithms, the local behavior of the iteration decouples for the
diagonal and off-diagonal terms. For the diagonal terms (G; =[G]; with i=1,...,N)
the iteration is

I V=14 1= C—p > PwglCIPI | & + o(le]), (E.4)
BeQ.p#1
whereas for the rest of terms Vi, /|, =1,...,N is

fo’“) 1—pu —uw1Cf, &
/ — ' ")+ o(le)). (E.5)
(n+1) 2

Gy o€ 1-p ) e

Using g = vec(G) and taking into account (E.4) and (E.5) it is easy to check that
the Jacobian of the iteration # = dg\"*!)/0g\™ at the separation has the following
eigenvalues Vi,j =1,...,N:

b =1—p | wiC+ > pwglCIHI |, (E.6)
peQ
Jij=1—pn(1£w,/C2C2). (E.7)

These eigenvalues, in contrast to the previous case, depend on the source statistics (in
particular they depend on the source’s power). For non-i.i.d. sources, this fact results
in different rates of convergence for the off-diagonal terms.

The local convergence is guaranteed whenever the modulus of all the eigenval-
ues is strictly < 1. Since at the separation >, o w[;|Csl,+ﬁ | =1 it is easy to deduce

that w;C; < 1Vi and therefore the term wy,/C? C; < 1Vi,j. Taking this fact into

account we can see that the following step-size ensures the local convergence of the
algorithm:

. 2
1 < min

(E.8)

.....

Simplifying the above condition by using max;—; __y {WICSZ’_+2 pea ﬂW/f\Csl,-Hq} < o

where fmax =maxpeo {f}, and that wy max,—; _y {,/C2C?} < 1 we can conclude that

,,,,, S S)

these constraints are satisfied whenever we choose

U<

2
. E.9
,Bmax ( )
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Appendix F. Local convergence of the CEASI algorithm

The CEASI algorithm can be rewritten in terms of the global transfer matrix as

G = | T—u(C}) 1) — o Y _wy(CyASE —shichly | G (F.1)
peQ
Assuming now a unity variance scaling of the sources (CS';S1 =1) and defining ¢ as a

small perturbation of the separation solution such that G =I+¢, the Taylor expansion
of iteration (F.1), at the separation, in terms of ¢, is given by

GV =(I+e)—me+e) — ) wyeCpls) —SiChe") +o(le]).  (F2)
peQ

Therefore, the adaptation of the diagonal terms of G for i=1,...,N is

Gy =14+ (1 = 2p)ei + o(Je]), (F.3)
whereas, for the remaining terms Vi, j|;-; = 1,...,N is
Gy o=y welCP Y wylCLF
_ peQ peQ
G1(Jn+1) —1y + 1 Zwﬁ‘cslflﬂ 1= — o Zwﬁ‘CIJrﬂ
peQ peQ
SU
x + o(|e)). (F.4)
Sji

It is easy to check that the eigenvalues of the Jacobian of the iteration ¢ =adg"*!)/og™
are given by

Aii=1-=2u, (F.5)
1 =2

Aij = (F.6)
1= ZW/f(‘Cvl,-+ﬂ| +1¢657)
peQ
Vi,j. We can see from this result that the convergence depends on the (1 + f)-order
cumulants of the signals. This fact will destroy the isotropic convergence property for
non-i.i.d. sources.
Sufficient conditions for the local convergence are

O0<u <1, (F.7)
-1

0<up <2 max E w,;(\Cl+ﬂ|+\Cl+ﬂ|) . (F.8)
ij=
peQ
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Inside this intervals we propose adaptation step-sizes that are simpler to evaluate and,
at the same time, close to their optimal value for a quick convergence. These are

(F.9)

N —

—1

1 14
5 | max, > Gt . (F.10)
peQ

Appendix G. Cumulants in terms of moments

In this last appendix we will see how to evaluate the cumulants of the outputs. This
is necessary for the algorithm implementations. An easy way is to rewrite them in
terms of the moments of the outputs by using the following formula (see [27]):

Cum(y1, Va2y---s V)

=2 -0 E| [T wlE | T]n| - E Hy[] . (@G
(P1sees D) i€ep i€ps i€ pm
where the sum is extended to all the possible partitions (pi,..., pn), m=1,...,n, of
the set of natural numbers (1,...,n).

This calculus results in simple complexity for lower orders but it quickly increases
for higher orders. In our case, the fact that the cross-cumulants take the form C;’,[;
considerably simplifies this task for real and zero mean sources because many partitions
disappear or give rise to the same kind of sets. Indeed, defining the moment Mj =

E[y®*] and cross-moment matrices of the outputs as M)l,[i =E[y(y®#)], we can present

below the expression of the cross-cumulant matrices C'y’f; in terms of the moment
matrices for f=1,...,7.

Cyy =My, =Elyy'],

C}% =M} =E[y(y**)'],

Cy ) =M = 3My, diag(My),

C5 =M} —4M} | diag(M;) — 6M,3 diag(M3),

C;5 =My — SM}| diag(M}) — 10M};%, diag(M;,) — 10M};3, diag(M5)

+30M; ), diag(M3)?,

C}5 =M} — M| diag(M;) — 15M 2 diag(M}) — 20M,3, diag(M;)
1,4 . 2 11 : 2 : 3
— 15M 7 diag(M;) + 120M,, diag(M) diag(M;)

12 . 242
+90M;;5 diag(My)",
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C;l =M} — M| diag(M$) — 21M ;3 diag(M;) — 35M,3, diag(M})

—35M,} diag(M;)) — 21M;5, diag(M?,) + 210M.; |, diag(M’,) diag(M})

5 ihd

+ 140M; ), diag(M3))* + 420M.3, diag(M3) diag(M5)

1,3 7. 242 L1 . 23
+210M;5 diag(M7)” — 630M | diag(M;)’.

For the case of complex sources the expressions are much more complicated. As an
example, we can see that for § =3 the cumulant matrix is

C; =Ely(yoy* ©y")'] - Elyy'ldiag(E[y* ©y*])

— 2E[yy" ] diag(E[y © y*]). (G2)

Compare it with the real case and note the increase of complexity.
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