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Abstract

Blind separation of sources consists in recovering a set of statistically independent signals whose only
miztures are observed. Such instantaneous miztures occur in narrow band erray date which can then be
processed without knowing the array manifold (blindness). This paper introduces a new source separation
technique exzploiting the possible time coherence of the source signals. In contrast to other previously
reported techniques, the proposed approach relies only on second-order statistics, being based on a ‘joint
diagonalization’ of correlation matrices. The effectiveness of the method in difficult contexts is illustrated
by numerical simulations.

1 Introduction: Blind source separation.

The so-called ‘source separation’ problem consists in the identification of the independent components
in a random vector. The term ‘source’ is generic but hints at the main application of source separation
which is in the field of array processing. When an array of n sensors samples the fields radiated by m
narrow band sources its output is classically modeled as a random vector made of m one-dimensional
components, possibly corrupted by additive noise. Source separation may be obtained by first identifying
the directional vectors associated to each of these components and then by (obliquely) projecting the
array signal onto the estimated vectors. This is a standard program in array processing, but blind
source separation proposal is to perform identification without resorting to the knowledge of the array
manifold. Hence, blind source separation is essentially unaffected by errors in the propagation model
or in array calibration. All the source separation proposed so far are based on the crucial assumption
of mutual statistical independence of the source signals. This strong but plausible assumption seems to
be the price for ignoring the array manifold.

Various solutions have been proposed to the blind source separation problem. When the source signals
are temporally white, it has been recognized that the problem cannot be solved using only second-order
information. One has then to resort to higher-order statistics as in [1, 2, 3] or to non-linear spatial
adaptive filters [4, 5]. On the other hand, if the source signals are correlated, blind identification is
possible based on spatial correlation matrices [6]. These matrices (see below) show a simple structure
which allows for straightforward blind identification procedures based on eigen-decomposition.

In this paper, we introduce an original blind identification technique, based on joint diagonalization of
a set of correlation matrices. Robustness is significantly increased, at low additional cost, by processing
such a matrix set rather than a unique matrix as in [6]. The paper is organized as follows. The data
model and assumptions, the statistics to be used and the problem to be solved are stated the first
section. Next section gives identifiability conditions and describes the proposed solution. The following
section describes an efficient implementation of our approach.

2 Blind separation with correlation matrices.

2.1 Model and statistics.

Consider an array of n sensors receiving signals from m narrow band sources. The array output denoted
z(t) is a n x 1 complex random vector. Corrupted by independent additive noise denoted n(t), it is
classically modelled as:

2(t) = y(t) + n(t) = As(t) + n(?) (1)



where s(t) is a m complex vector whose p-th component denoted s,(¢) is the signal emitted by the p-th
source. The n x m complex matrix A is assumed to have full rank but otherwise unknown. The source
signals are second order stationary, mutually uncorrelated processes. We denote

E(si(t)s;"(t') = pi(t — ') i Vi, (2)

The additive noise n(t) is assumed to be spatially and temporally white and uncorrelated with the
source signals. Under these assumptions, the correlation matrices take a simple structure :

R(r) E E((t + m)z*(t)) = AS(T)AH + §(r)oT (3)
where S(7) g (s(¢t + 7)s*(t)) is the correlation matrix of the source signals; by (2), it is a diagonal
matrix with entries p;(7). In (3) as in the following, a vector is transconjugated by the * superscript
and a matrix by the H superscript.

2.2 Indeterminations.

Complete blind identification of matrix A is impossible in the blind context because the exchange of a
fixed scalar factor between a source signal and the corresponding column of A leaves the observations
unaffected. We take advantage of this fundamental indetermination to assume, without any loss of
generality, that each signal has unit variance, z.e. S(0) = I. Note that this normalization leaves the
phase of each column of A undetermined. Also note that the numbering of the signals is immaterial. It
follows that the best that can be done based only on observations is to determine A up to a permutation
and phase shifts of its columns. The crucial point is that these indeterminations do not impede source
separation. If A is estimated up to permutation and phase shifts, it still allows to determine the source
signals up to the corresponding fixed permutation and phase shifts.

Let W denote a m x n complex matrix such that Wy(¢) is spatially white. Such a matrix is called
a whitening matriz. Note that besides whitening the signal part of the observations, multiplication by
a whitening matrix W also reduces the array output to a m-dimensional vector. A whitening matrix
verifies, by definition

I=B((Wy(t))(Wy(t))") = WAS(0)ATWH = (WA)(WA)" (4)

showing that if W is a whitening matrix, then W A is a m X m unitary matrix. It follows that for any
whitening matrix W, there exists a m X m unitary U such that

WA=U or A=W#*U (5)

where the superscript # denotes the pseudoinverse.

Since AS(0)A¥ = R(0) — oI, equations (4) shows that a whitening matrix W can be determined
from the array output covariance R(0). A whitening matrix may also be determined from a linear
combination of a set of correlation matrices taken at non zero time lags, as suggested in [7]. In any
case, as shown by (5), finding a whitening matrix still leaves an undetermined unitary factor in 4. This
unitary matrix can be determined from other statistics. Several authors have considered using 4th-order
cumulants to determine the ‘missing rotation’ (see [1, 2, 3] for instance) when the source signals are
non Gaussian. When this is not the case, an alternate solution is possible by resorting to the spatial
correlation matrices (3) which may carry the missing information if the source signals are temporally
correlated.

2.3 A 2nd-order identification principle.
Let W denote a whitening matrix and consider the whitened correlation matrices R(7) defined as
Vr#0 R(r) = WR(r)WE. (6)

These m x m complex matrices are nothing but the correlation matrices of the process Wz(t). By (3)
and (5), we get the key relation:

Vr#0 R(r)=US(r)UE. (7



Since U is unitary and S(7) is diagonal, the latter just means that any whitened correlation matrix is
diagonalized by the unitary transform U.

A simple blind identification principle then is the diagonalization of whitened correlation matrices.
This idea may be found in slightly different forms in [5] and in [6]. Let us recall that while eigen-
values are uniquely defined, this is not the case of eigenvectors. For distinct eigenvalues, eigenvectors
are determined, if normalized to unit norm, up to phase shifts and ordering. Since the normalized
eigenvectors are found in the columns of U, we find the same indetermination in eigendecomposition
(or diagonalization) as in the source separation problem. the diagonalization of some R(7) provides us
with the relevant parameters if it has distinct eigenvalues.

True indetermination arises in the case of degenerate eigenvalues. It does not seem possible to a prior:
determine some delay value 7 such that the eigenvalues of R(7) are distinct. Of course, if the source
signals have different spectral shapes, eigenvalue degeneracy is unlikely, but the problem is not purely
academic because it is to be expected that when some eigenvalues of R(7) comes close to degeneracy,
the robustness of determining U from an eigendecomposition is seriously affected.

The situation is more favorable if we consider simultaneous diagonalization of a set {R(7)|i =
1,---,p} of p whitened correlation matrices. This set is simultaneously diagonalized by U asin (7). The
matrix U is essentially unique (in the sense discussed above) if and only if for any pair (¢, j) of sources,
there exists at least one lag 7 in (74, - - -, 7) such that p; (1) # p; (7). We omit the straightforward proof
of this statement. This makes clear that sources cannot be separated if they have identical normalized
spectra.

It is the main point of this contribution to consider the joint diagonalization of several correlation
matrices. This approach is intended to reduce the likelihood that the diagonalizing matrix is not
uniquely determined; maybe more importantly it is intended to the increase statistical efficiency by
basing the estimation of U on a larger set of statistics. This program is completed in the following by
defining ‘joint diagonalization’ and by describing an efficient algorithm to this end.

2.4 Joint diagonalization

Of course, ezact joint diagonalization of arbitrary matrices is generally impossible. We now define
approzimate joint diagonalization of a set of arbitrary matrices. We start by noting that the diagonal-
ization of a single n X n matrix hermitian M may be understood as minimizing under unitary transform
the sum of the squared moduli of all the off-diagonal terms. By constancy of the norm in unitary
transforms, this is also equivalent to minimizing the criterion

C(M, V) = =3 v My, [? (8)

over the set of unitary matrices V = [vy,---,v,]. We quite naturally define the joint approximate
diagonalization of a set M = {Mj|k = 1..K} of K arbitrary n x n matrices as the minimization of the
criterion:

c(vV)E - oy, v) = —2|U;Mm|2 (9)

under the same unitary constraint. In this definition, the matrix set M is not restricted to contain
hermitian (or more generally normal) matrices. Definition (9) applies to any set of arbitrary square
matrices. A joint approximate diagonalization algorithm is given in appendix: it is a generalization
of the Jacobi technique [8] for the exact diagonalization of a single hermitian matrix. As such, its
computational cost is (not surprisingly) essentially equal to K times the cost of diagonalizing a single
hermitian matrix by the Jacobi technique.



3 An algorithm for the blind separation of sources.

3.1 Implementation.

We have implemented the following algorithm. First the sample covariance R(O) is formed from T data
samples and diagonalized as

R(0)=LALH (10)

where L = [ly,---,1,] and A = diag(Aq1,-- -, A,) with A; > A; for ¢ > j. The number of sources may be
estimated from the spectrum A; this procedure is not specifically addressed in this paper. An estimate
& of the noise power is formed by averaging the n — m smallest eigenvalues in A. A whitening matrix
W is then computed as:

W = A'L'H where A’ = diag((A —8)"%,+-+,(Am —8)"3)) and L' = [ly, - -, L] (11)
The data set is whitened into W:c(t), which allows to form in dimension m the sample estimates E(T)
of the whitened correlation matrices for 7 € {7;|j = 1,-- -, p}, a fixed set of time lags. A unitary matrix

U is then obtained in the joint diagonalization (see appendix) of the set {E(T])U =1,---,p}. The
source signals are estimated as §(t) = UH Wa(t). If desired, an estimate of A is A = W#T.

3.2 Performance.

The performance is sensibly characterized in terms of signal rejection. After blind identification, the
estimated source signals are 3(t) = A#z(t) = A# As(t) + A#n(t) where A# is the pseudo inverse of the
estimated matrix A of the mixture matrix, obtained as A# — U#W. The matrix P defined by P—A#*4
should be close to some matrix P with only one zero phase term in each row and each column (phase
and permutation indetermination). The p-th estimated source signal is :

8p(t) = Z qusq(t) (12)

g=1,n

and contains the g-th source signal at level |13pq|2 since source signals are normalized to have unit power.
A measure of the global quality of a separating matrix then is the overall rejection level:

def ~
Ipery = Z |qu|2 (13)
q9#p

where we have assumed for convenience that P is close to diagonal rather than to some other permutation
matrix.

We ran simulations with two gaussian sources and an array of 5 sensors. The sources are ‘located’ at
¢1 = 0 and ¢, = 0.4, in the sense that the g-th coordinate of the p-th column of A is exp(jrg¢,). The
additive gaussian noise has covariance R, = oI. The source signals have unit variance and each one is
generated by filtering a complex circular white Gaussian processes by an AR1 model with coefficient
ap = 0.85¢7%7, Statistics are evaluated on data blocks of 500 samples and the overall rejection level is
evaluated over 100 realizations. On the plots, the curves are labeled with the number of correlation
matrices used in the identification. When p correlation matrices are jointly diagonalized, the times lags
implicitly involved are 7y, ---,7,, where 7; is ¢ times the time unit.

In figure 1, the rejection level I, s plotted in dB against o~ in dB. The figure is for §; = 0.5 and
65 = 0.55: we are dealing here with a rather small spectral difference. At low SNR, i.e. for 0 = 5 dB,
the rejection level is close to -6 db meaning that the method is essentially useless in this range of
parameters. Lowering the noise level to 0 dB, joint diagonalization of 3 or 4 matrices is seen to yield
a convincing -13 dB overall rejection, which shows the benefit of using several correlation matrices. At
high SNR (0 = —10dB), the diagonalization of a single correlation matrix appears sufficient to reach a
satisfactory rejection of -18 dB.

In figure 2, the noise level is kept constant at 0 dB and §; = 0.5. We let 85 vary as 65 = 0; + 6. The
plot shows the rejection level I,.,;in dB plotted against the ‘spectral shift’ 6. The plot shows that
there is a significant increase in performance for small spectral difference by including 3 or 4 correlations
matrices in the joint diagonalization criterion.
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Fig. 1 (left) Performance vs o~ !. Fig. 2 (right) Performance vs the ‘spectral shift’ 6.

Conclusion

Blind identification of spatial mixtures (source separation) is the processing of narrow band array
data without knowing the array manifold. In presence of correlated sources, it admits straightforward
solutions based on the diagonalization of some correlation matrix. By defining ‘joint approximate
diagonalization’, an arbitrary set of correlation matrices can be used in the identification. The benefits
are twofold: decreasing the likelihood of the cases of indetermination and increasing the statistical
efficiency. This was illustrated by numerical experiments which show the necessity of exploiting several
correlation matrices in difficult contexts (low SNR, sources with little spectral difference). An efficient
algorithm for joint diagonalization, inspired from the Jacobi technique, was described. Asymptotic
performance analysis of the proposed technique is under way and will be presented in a forthcoming
communication.

Appendix: A joint approximate diagonalization algorithm

We generalize [9] the Jacobi technique for diagonalizing a unique hermitian matrix to the problem
of joint approximate diagonalization of a set of arbitrary matrices. The proposed method consists in
minimizing the diagonalization criterion (9) by successive Givens rotations, which leads to solve the
same problem for K 2 x 2 matrices:

ar bk
e, dy

H, = [ (14)
for k = 1,..., K. A unitary matrix V is sought such that H, = VEH,V (k= 1,..., K) minimizes the

criterion (9). The unitary transformation V is parameterized by a complex Givens rotation:

).
J®es
v [ cosf e!?sinb ] ,

—e1%5inb cosf

(15)

Denoting a},, b}, ¢} and dj the coeflicients of Hj, optimization of (9) amounts to finding 8 and ¢ such
that 3, |a},|? + |d},|* is maximized. Noticing that 2(|a}|? + |a;|?) = |a}, — d}|* + |a}, + d},|? and that the
trace aj, + d}, is invariant in a unitary transformation, optimization of criterion (9) is equivalent at each
Givens step to the maximization of @:

def
Q=) laf —dil (16)
k

It is easily found that

a;, — dj, = (ar, — di)cos20 — (b + cx,)sin26cosd — j(cp — by)sin260sing (17)



for k=1, ..., K. Then by defining the vectors

W (e — di] (18)
T [cos20, —sin20cosp, —sin20sind] (19)
of ' [an — di, by + iy G — br)] (20)

€

the K equations (17) may be written in the form u = Gv where GT def [91,- -, gK] so that Q also reads
Q = vu=v"GHGv =T Real(G¥ Q) (21)

where we have used that, G¥ G being hermitian by construction, its imaginary part is anti-symmetric,
hence contributing nothing to the above quadratic form. The last step is to recognize that the particular
parameterization (19) of v is equivalent to the condition vTv = 1. Maximizing a quadratic form under
the unit norm constraint of its argument is classically obtained by taking v to be the eigen-vector of
Re(GH G) associated to the largest eigenvalue. Recall that this is a real 3 x 3 symmetric matrix: the
analytic expressions of the parameters of the Givens rotation are simply derived from the coordinates of
the eigen-vector. More details are in [3]. The reader may check that setting K = 1 and H; hermitian,
the above boils down to the standard Jacobi procedure. Also note that the main cost in this kind of
technique is the update under Givens rotations of the various matrices involved in the diagonalization.
This is why the proposed procedure offers a cost similar to K times the diagonalization of a single
matrix.
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