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ABSTRACT

This paper presents a method of blind source separation thatjointly
exploits the nonstationarity and temporal structure of sources . The
method needs only multiple time-delayed correlation matrices of
the observation data, each of which is evaluated at different time-
windowed data frame, to estimate the demixing matrix. We show
that the method is quite robust with respect to the spatiallycorre-
lated but temporally white noise. We also discuss the extension of
some existing second-order blind source separation methods. Ex-
tensive numerical experiments confirm the validity of the proposed
method.

1. INTRODUCTION

Blind source separation (BSS) is a fundamental problem thatis
encountered in many practical applications such as telecommuni-
cations, image/speech processing, and biomedical signal analysis
where multiple sensors are involved. In its simplest form, the�-
dimensional observation vector���� � 	
� is assumed to be gen-
erated by

���� � 
���� � ����� (1)

where

 � 	
���

is the unknown mixing matrix,
���� is the�-

dimensional source vector (which is also unknown and� � �),
and

���� is the additive noise vector that is statistically indepen-
dent of

����.
A variety of methods/algorithms for BSS have been developed

for last decade (for example, see [1] and references therein). Al-
though many different BSS algorithms are available, their prin-
ciples can be categorized by three distinctive methods which are
based on (1) the non-Gaussianity of source [2], (2) the temporal
structure of source [3], and (3) the nonstationarity of source [4].

In this paper we present methods that jointly exploits the non-
stationarity and temporal structure of sources to estimatethe mix-
ing matrix (or the demixing matrix) in the presence of spatially
correlated but temporally white noise (not necessarily Gaussian).
Thus our methods works even for the case where multiple Gaus-
sian sources with no temporal correlations exit as long as their vari-
ances are slowly time-varying. Moreover, we show that if we use
just time-delayed correlations of the observation data, wecan find
a robust estimate of the demixing matrix. To this end, we introduce

a method of robust whitening and present the Second-Order Non-
stationary source Separation (SEONS) method. We also present
the extension of some existing second-order BSS methods which
are (1) the extended matrix pencil method and (2) the extended
Pham-Cardoso method.

Throughout this paper, the following assumptions are made:

(AS1) The mixing matrix



is of full column rank.

(AS2) Sources are spatially uncorrelated but are temporally cor-
related (colored) stochastic signals with zero mean.

(AS3) Sources are second-order nonstationary signals in the sense
that their variances are time varying.

(AS4) Additive noises��� ���� are spatially correlated but tempo-
rally white, i.e.,

�������� �� � � �� � �� � (2)

where
��

is the Kronecker symbol and
 

is an arbitrary
� !�matrix.

2. ROBUST WHITENING

The whitening (or data sphering) is an important pre-processing
step in a variety of BSS methods. The conventional whiteningex-
ploits the equal-time correlation matrix of the data����, so that
the effect of additive noise can not be removed. The idea of ro-
bust whitening lies in utilizing the time-delayed correlation matri-
ces that are not sensitive to the additive white noise. The robust
whitening method is explained for the case of stationary signals.

It follows from the assumptions (AS2) and (AS4) that the time-
delayed correlation matrix of the observation data���� has the
form

"#�� � � �������� �� � � ��� 
"$�� �
� � (3)

for
� %� &

. One can easily see that the transformation
"'()# �� �

whiten the data����without the effect of the noise vector
����. It

reduces the noise effect and project the data onto the signalsub-
space, in contrast to the conventional whitening transformation"'()# �&�. Some source separation methods already employ this
robust whitening transformation [5, 6, 7, 8].



In general, however, the matrix
"#�� � is not always posi-

tive definite, so the whitening transformation
"'()# �� �may not be

valid for some time-lag
�
. The idea of the robust whitening is to

consider a linear combination of several time-delayed correlation
matrices, i.e.,

�# � ��
��� ���#����� (4)

where �#���� � �� 	"#���� �"�# ����
 � (5)

A proper choice of���� may result in a positive definite matrix�#
. For example, the FSGC method [9] can be used to find a set

of coefficients���� such that the matrix
�#

is positive definite.
The matrix

�#
has the eigen-decomposition� � �
��
�� � �� � � �
��
��� � (6)

where

� � 	
��� and�� � 	
���. Then the robust whitening

transformation matrix is given by� � �'()� 
�� . The transfor-
mation� project the data onto�-dimensional signal subspace as
well as whitening.

Let us denote the whitened�-dimensional data by����
���� � ������ ����� ������� (7)

where
� � 	
���

. The whitened data���� is a unitary mixture
of sources with additive noise, i.e.,

��� � �
.

3. SECOND-ORDER NONSTATIONARY SOURCE
SEPARATION

This section describes our main method, SEONS, as well as some
extensions such as the extended matrix pencil method and theex-
tended Pham-Cardoso method.

Now we consider the case where sources are second-order
nonstationary and have non-vanishing temporal correlations. It
follows from the assumptions (AS1)-(AS4) that we have�#��� � ��� � 
� $��� � ���
� � (8)

for
�� %� &

and the index
��

is for time since we deal with non-
stationary sources. In practice�#��� � ��� is computed using the
samples in the�th time-windowed data frame, i.e.,

"#��� � ��� � ��� ����� ������ �� � ���� (9)

�#��� � ��� � �� 	"#��� � ��� �"�# ��� � ���
 � (10)

where�� contains the data points in the�th time-windowed frame
and
��

is the number of data points in��.
The matrix pencil method [4] was applied to the blind sep-

aration of temporally colored sources. In general, however, the
pencil that consists of two time-delayed correlation matrices is not
symmetric definite pencil, which may cause some numerical prob-
lems in calculating generalized eigenvectors. The extended matrix

pencil method (which is described below) employs a symmetric
definite pencil.

Algorithm Outline: Extended Matrix Pencil Method (nonsta-
tionary case)

1. We partition the observation data into two non-overlapping
blocks,�������.

2. Compute�#���� ��� for some time-lag
�� %� &

using the
data points in��.

3. Calculate the matrix
������ � !������#���� ���by the

FSGC method using the data points in��.
4. Find the generalized eigenvector matrix" of the pencil�#���� ��� � #������which satisfies�#���� ���" � ������" $� (11)

5. The demixing matrix is given by% � " � .

In order to improve the statistical efficiency, we can employ
a joint approximate diagonalization method [10], as in the JADE
[11] and SOBI [3]. The joint approximate diagonalization method
in [10] finds an unitary transformation that jointly diagonalizes
several matrices (which do not have to be symmetric nor positive
definite). The method SEONS is based on this joint approximate
diagonalization. In this sense the SEONS includes the SOBI as its
special case (if sources are stationary). The algorithm is summa-
rized below.

Algorithm Outline: SEONS

1. The robust whitening method (described in Section 2) is
applied to obtain the whitened vector���� � �����. In
the robust whitening step, we used the whole available data
points.

2. Divide the whitened data������ into & non-overlapping
blocks and calculate�' ��� � �( � for � � �� � � � �& and) � �� � � � �*. In other words, at each time-windowed
data frame, we compute

*
different time-delayed correla-

tion matrices of����.
3. Find a unitary joint diagonalizer" of ��' ��� � �( �� us-

ing the joint approximate diagonalization method in [10],
which satisfies

" ��' ��� � �( �" � $�+( � (12)

where�$�+( � is a set of diagonal matrices.

4 The demixing matrix is computed as% � " ��.

Recently Pham [12] developed a joint approximate diagonal-
ization method where non-unitary joint diagonalizer of several Her-
mitian positive matrices is computed by a way similar to the clas-
sical Jacobi method. Second-order nonstationarity was also ex-
ploited in [13], but only noise-free data was considered. Inorder
to extend the Pham-Cardoso algorithm into the case of noisy data,
we employ a linear combination of multiple time-delayed correla-
tion matrices which is ensured to be positive definite, at each data
block. The method is referred to as the extended Pham-Cardoso
(which is summarized below). One advantage of the extended
Pham-Cardoso is that it does not require the whitening step be-
cause the joint approximate diagonalization method in [13]finds a
non-unitary joint diagonalizer. However, its drawback lies in the
fact that it requires the set of matrices to be Hermitian and positive
definite, so we need to find a linear combination of time-delayed



correlation matrices that is positive definite at each data frame,
which increase the computational complexity.

Algorithm Outline: Extended Pham-Cardoso

1. Divide the data������ into& non-overlapping blocks and
calculate�#���� �( � for � � �� � � � �& and

) � �� � � � �*.
2. At each data frame, we compute

�� � !�
��� ����� �#��� � ��� (13)

by the FSGC method for� � �� � � � �&. Note that���� is
symmetric and positive definite.

3. Find a non-unitary joint diagonalizer" of ���� using the
joint approximate diagonalization method in [12], which
satisfies

" ��" � � $� � (14)

where�$�� is a set of diagonal matrices.

4. The demixing matrix is computed as% � " .

4. NUMERICAL EXPERIMENTS

Several numerical experimental results are presented to evaluate
the performance of our method (SEONS) and to compare it with
some existing methods such as JADE [11], SOBI [3], matrix pencil
methods [4], and Pham-Cardoso [13]. Through numerical exper-
iments, we confirm the useful behavior of the proposed method,
SEONS, in two cases: (1) the case where several nonstationary
Gaussian sources exist and each Gaussian source has no temporal
correlation; (2) the case where additive noises are spatially corre-
lated but temporally white Gaussian processes.

In order to measure the performance of algorithms, we use the
performance index (PI) defined by

PI
� �

��� � ��
��
���

�� ����� �
���

����( ���( �
� �	

� � ����� �
���

����( ��( � �
� �	
 �

(15)

where��( is the ���) �-element of the global system matrix� �%

and���( ��( represents the maximum value among the el-

ements in the
�
th row vector of�, ���( �( � does the maximum

value among the elements in the
�
th column vector of�. When the

perfect separation is achieved, the performance index is zero. In
practice, the value of performance index around�&'
 gives quite
a good performance.

4.1. Experiment 1

The first experiment was designed to evaluate the effectiveness of
the proposed method in the presence of several Gaussian signals.
In this experiment, we used three speech signals that are sampled
at 8 kHz and two Gaussian signals (with no temporal correlations)
whose variances are slowly varying. These 5 sources were mixed
using a randomly generated� ! � mixing matrix to generate�-
dimensional observation vector with 10000 data points. No mea-
surement noise was added.

In this experiment, we compared the SEONS with JADE, SOBI,
and Pham-Cardoso [13]. It is expected that the performance of
JADE and SOBI is degraded because of the presence of two white
Gaussian sources. The result is shown in Fig. 1 in which the Hin-
ton diagram of the global system matrix� is plotted. In Hinton
diagram, each square’s area represents the magnitude of theele-
ment of the matrix and each square’s color represents the sign of
the element (red for negative value and green for positive value).
For successful separation, each row and column has only one dom-
inant square (regardless of its color). Small squares contribute per-
formance degradation. One can observe that SEONS and Pham-
Cardoso work well even in the presence of nonstationary Gaussian
sources (see (a) and (b) in Fig. 1), compared to JADE and SOBI
(see (c) and (d) in Fig. 1). For the case of JADE, the first and last
row of � has a relatively big square besides the dominant square,
which verifies that the two white Gaussian sources are difficult to
be separated out. The SOBI gives slightly better performance than
JADE, but its performance is not comparable to SEONS (see the
first and fourth row of�, (d) in Fig. 1).

The following parameters were used in this experiment:� In SEONS and Pham-Cardoso, we partitioned the whole
data (10000 data points) into 100 different frames of data
(each frame contains 100 data points) to calculate 100 dif-
ferent equal-time correlation matrices. These matrices were
used to estimate the demixing matrix.� In SOBI, we used 20 different time-delayed correlation ma-
trices to estimate the demixing matrix.

4.2. Experiment 2

The second experiment was designed to show the robustness of
the SEONS in the presence of spatially correlated but temporally
white noise. We used 3 digitized voice signals and 2 music signals,
all of which were sampled at 8 kHz. The mixing matrix


 �
	
���

, all the elements of which were drawn from standardized
Gaussian distribution (i.e., zero mean and unit variance).As in the
experiment 1, the whole data has 10000 samples.

The algorithms that are tested in this experiment, include the
extended matrix pencil method (Extended MP), SEONS, extended
Pham-Cardoso, JADE, SOBI, and SOBI with robust whitening
method [8] (see Fig. 2). In SEONS, we partitioned the data into
50 no overlapping blocks (each frame has 200 data points). The
robust whitening was performed using a combination of 5 time-
delayed correlation matrices (with time-lags����� � � � ���). In
each data frame, we computed 5 time-delayed correlation matri-
ces. The joint approximate diagonalizer of 250 correlationma-
trices (5 of each blocks =� ! �&) was computed to estimate the
demixing matrix.

At high SNR, most of algorithms worked very well, except for
the extended MP method since it uses only two matrices. At low
SNR, one can observe that the SOBI with robust whitening out-
performs the SOBI without whitening. The SEONS gives slightly
better performance than the SOBI with robust whitening in most
of ranges of SNR. In the range between 0 and 6 dB, the SEONS is
worse than the SOBI with robust whitening. It might result from
the fact that the SEONS takes only 200 data points to calculate
the time-delayed correlation matrices, so the temporal whiteness
of the noise vector is not really satisfied. One can use less number
of blocks (so more data points for each block) to reduce this draw-
back. The advantage of SEONS over SOBI with robust whitening



(a) (b) (c) (d)

Figure 1: Hinton diagrams of global system matrices: (a) SEONS; (b) Pham-Cardoso; (c) JADE; (d) SOBI with PI .001, .001, .05, .01,
respectively.

lies in the fact that the first method works even for the case ofnon-
stationary sources with identical spectra shape, whereas the latter
does not (see the result of Experiment 1).
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Figure 2: The performance comparison for SEONS, SOBI, SOBI
with robust whitening, extended MP, JADE, and extended Pham-
Cardoso.

5. CONCLUSION

In this paper we have presented a BSS method that jointly ex-
ploits the nonstationarity and temporal structure of sources. We
have shown that our method, SEONS, was robust with respect to
the temporally white noise and worked well even for the case of
several nonstationary Gaussian sources (with no temporal correla-
tions).
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