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Abstract

In equalization and deconvolution tasks, the correlated nature of the input signal slows the
convergence speeds of the least-mean-square (LMS) and other stochastic gradient adaptive filters.
Prewhitening techniques have been proposed to improve convergence performance, but the addi-
tional coefficient memory and updates for the prewhitening filter can be prohibitive in some applica-
tions. In this report, we present two simple algorithms that employ the equalizer as a prewhitening
filter within the gradient updates. A statistical analysis of these self-whitening algorithms indi-
cates that they provide quasi-Newton convergence locally about the optimum coefficient solution
for deconvolution and equalization tasks. Simulations indicate that the algorithms have excellent
adaptation properties both for supervised and unsupervised (blind) adaptation criteria. Extensions

of the techniques to multichannel deconvolution and equalization tasks are also described.
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1 Introduction

Adaptive channel equalization was one of the first widespread uses of adaptive filters [Lucky 1966,
Sato 1975]. Today, channel equalization, deconvolution, and inverse modeling have numerous
applications in communications, geophysical exploration, image processing, and inverse control
[Widrow and Stearns 1985, Haykin 1994, Widrow and Walach 1996]. In these tasks, a linear, time-
invariant filter generates a complex-valued signal z(k) as
)
w(k) = D hys(k—p), (1)
p=—00
where hy, —oo < p < oo is the impulse response of the unknown filter and s(k) is an unknown
zero-mean, i.i.d. source signal. The task is to process the signal z:(k) with a finite-impulse-response
(FIR) filter with coefficient vector w(k) = [wo(k) - - wz,(k)]” such that cs(k — A) can be recovered,
where ¢ and A are scaling and time-delay factors, respectively. Depending on the application,
training signal sets may or may not be available.

The simplest stochastic gradient algorithms for updating the coefficient vector are given by

w(k+1) = w(k) + u(k)i(e(k))x" (k) (2)
e(k) = d(k) —y(k) (3)
y(k) = x"(k)w(k), (4)

where x(k) = [z(k)---z(k—L)]" is the input signal vector, d(k) is the desired response signal, e(k)
is the error signal, p(k) is the step size at time &, and 1 (e) is the derivative of the instantaneous-
valued cost function ¢(e). For example, if the squared-error cost function ¢(e) = 0.5¢? is used,
then 1(e) = e is obtained, and (2)-(4) becomes the well-known least-mean-square (LMS) adap-
tive filter [Widrow and Stearns 1985]. If the training signal d(k) in (3) is not available, Buss-
gang methods such as the Sato algorithm [Sato 1975] or Godard/constant modulus algorithm
(CMA) [Godard 1980, Treichler and Agee 1983] can be employed by replacing the error function
(e(k)) in (2) with the blind error function f(y(k)) whose form depends on the statistics of s(k)
[Benveniste and Goursat 1984, Bellini and Rocca 1996]. For example, if the CMA cost function is
used, we select f(y) = (A — |y|?)y, where A is the modulus of the source signal.

While useful, these stochastic gradient algorithms are known to have poor performance when
the input signal x(k) is highly correlated. In this situation, the input signal autocorrelation ma-
trix Ryx = FE{x*(k)x” (k)}, where E{-} denotes statistical expectation and * denotes complex-

conjugate, governs the speeds of adaptation of the modes of the system When Ry has a large



eigenvalue spread, it is either difficult or impossible to choose a step size sequence that achieves
the desired performance level in a reasonable number of iterations [Widrow and Stearns 1985,
Shynk et al 1991].

Several techniques have been suggested to improve the convergence properties of stochastic gra-
dient adaptive filters. Gauss-Newton methods [Ljung and Soderstrom 1983], of which the recursive
least-squares (RLS) algorithm is an example, can be used to improve an equalizer’s convergence
speed and estimation accuracy at convergence, but such systems are computationally-intensive
and difficult to implement in hardware even in their most efficient forms [Slock and Kailath 1991].
More recently, quasi-Newton techniques that employ additional filters to effectively whiten the
input signal within the adaptation algorithm have been proposed [Slock 1992, Mboup et al 1994,
Gay and Tavathia 1995, Tanaka et al 1995]. Figure 1 shows the block diagram for this class of

systems, where

L

N
W(z, k) = Zwl(k)z_l and P(z, k) = an(k)z_n (5)
=0 n=0

are the z-transforms of w(k) and p(k), respectively, and the vector p(k) = [po(k) - - - px (k)]T con-
tains the coefficients of a second FIR filter, usually a linear predictor with py(k) = 1, designed such
that the signal z (k) = S0 p,(k)z(k — n) is approximately decorrelated. Since the statistics of
z(k) are often unknown or time-varying, however, p(k) must be adapted using either stochastic gra-
dient [Mboup et al 1994] or least-squares [Slock 1992, Gay and Tavathia 1995, Tanaka et al 1995]
techniques, adding additional complexity to the system.

In this report, we propose simple modifications to the system in Figure 1 that remove the need
for a separate predictor filter with its associated coefficient memory and adaptive updates. The
techniques are related to a method for improving the convergence performance of blind source
separation algorithms for instantaneous additive mixtures [Amari et al 1996]. Simply put, our
modified algorithms replace the adaptive predictor p(k) with the adaptive filter w(k) in this sys-
tem. Using the equalizer as a prewhitening filter is motivated by the fact that the optimum
equalizer filter also decorrelates the input signal. Thus, our proposed algorithms iteratively self-
whiten the input signal as they converge to the optimum coefficient solution. The overall com-
plexity of the most accurate and efficient version of the system is approximately 50% greater
than that of the LMS adaptive filter and is less than half the complexity of the most-efficient
stabilized RLS fast transversal scheme [Slock and Kailath 1991]. Thus, the proposed algorithms

provide quasi-Newton behavior locally about an equalizer solution without the coefficient updates

and memory for a second predictor filter [Slock 1992, Mboup et al 1994, Gay and Tavathia 1995,
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Figure 1: Adaptive filter employing prewhitening filters.



Tanaka et al 1995] and without the significantly-increased complexity of a Gauss-Newton or RLS-
based scheme [Ljung and Soderstrom 1983, Slock and Kailath 1991].

The organization of this report is as follows. In Section 2, we describe the goal of prewhitening
within stochastic gradient adaptive filtering, and we propose two self-whitening algorithms that
use the equalizer as a prewhitening filter. We also compare the implementation complexity of
the proposed schemes with an existing prewhitening method [Mboup et al 1994]. In Section 3,
we summarize the results of several analytical studies of the proposed self-whitening schemes, the
details of which appear in the Appendix. In Section 4, we present multichannel versions of both self-
whitening schemes and relate their forms to existing algorithms for adaptive feedforward control.
Simulations comparing the performance of the proposed schemes with existing prewhitening, Gauss-
Newton, and RLS schemes in both trained and blind adaptation modes are provided in Section 5.

Section 6 presents our conclusions and suggestions for future work.

2 Self-Whitening Algorithms

2.1 Prewhitening and Self~-Whitening in Adaptive Filtering

It is well-known [Widrow and Stearns 1985, Ljung and Séderstrom 1983] that stochastic gradient
adaptive filters trained with a known desired response signal d(k) perform best when operating on
stationary, zero-mean, uncorrelated input signals, such that Ryx = 021, where 02 = E{|z?(k)|}. In
adaptive equalization and deconvolution tasks, however, z(k) is a correlated sequence. For example,
in situations where the signal model in (1) is valid, the (i, 7)th entry of Ryx is the (i — j)th term
of the autocorrelation function of the channel impulse response h,,, which is by definition not equal
to a unit impulse function if deconvolution or equalization needs to be performed.

To obtain a system that operates on uncorrelated input signals, one can apply a linear trans-
formation to the input signal xz(k) or the input signal vector x(k) to produce a whitened input
signal vector. This transformation can take the form of a matrix P(k), such that P(k)x(k) is the
transformed vector, or it can take the form of a filter, as in the system in Figure 1 in which z (k)
is approximately uncorrelated. In either case, a new signal vector is obtained whose elements are

uncorrelated with equal powers. If the filter P(z, k) is used, then it should satisfy
PR = e S,, (), (6)

where S, (€) is the power spectral density of the input signal z(k) and ¢; is an arbitrary constant.
The relationship in (6) is not unique; i.e., there exist an infinite number of filters whose squared-

magnitude frequency response is equal to the inverse of the input power spectral density. In practice,



any filter P(z,k) that approximately satisfies (6) could be used when d(k) is available, although
prefilters with a lower group delay have better performance as they introduce less delay within
the resulting system. In the case of the LMS algorithm in which v(e) = e, it can be shown that
applying the filter P(z,k) to both the input signal and the error signal within the update alone
as shown in Figure 1 is equivalent to prefiltering both z(k) and d(k) prior to the application of
the LMS adaptive filter to the prefiltered signals, so long as both P(z,k) and W (z, k) are slowly-
varying. The filtered-X LMS algorithm for adaptive feedforward control [Widrow and Stearns 1985,
Kuo and Morgan 1996] also uses this approximation and is known to have well-behaved convergence
properties.

In blind deconvolution and equalization tasks, applying a prewhitening filter that satisfies (6) to
x(k) and f(y(k)) within the coefficient updates is not sufficient to obtain significant improvements
in the convergence behavior of the system. In filters employing blind adaptation criteria, the
system’s adaptation modes depend on higher-order statistics through the form of f(-), and these
modes are not decoupled through simple prewhitening. In such cases, fast adaptation can only be
realized when the transformed signal vector elements are i.i.d., and we provide a simulation example
in Section 5 indicating this fact. Such will be the case in noiseless deconvolution and equalization

tasks if P(z,k) is of the form
Plek) = cH'(2)272, 7)

where ¢ and A are an arbitrary constant and integer, respectively.

In equalization and deconvolution tasks in which (1) is valid, we have that
Saa(Q) = [H (), (8)

where H(z) is the z-transform of h,. Assuming that the equalizer is adequate for equalizing the

channel, we have that y(k) = cs(k — A) near convergence such that
Wiz, k) ~ cH '(2)z72. 9)

Comparing (6), (8), and (9), we see that choosing W (z, k) for P(z,k) yields a prewhitening algo-
rithm in the deconvolution or equalization task near convergence. Moreover, such a choice also
satisfies (7) and thus is appropriate for blind adaptation criteria as well. We call this technique
“self-whitening” because the equalizer is also used as the prewhitener, and to our knowledge, this
technique has not been previously explored in the technical literature. How well such a proce-

dure works away from the optimum coefficient solution clearly depends on the channel; however,



as we show via simulations, there typically exists a sizable region about the optimum coefficient
solution whereby using the equalizer as a prewhitener significantly increases the system’s overall

performance.

2.2 The Filtered-Error/Regressor (FER) Algorithm

Given the previous arguments and discussions, we propose to replace P(z,k) with W(z,k) in

Figure 1 to obtain the filtered-error/regressor (FER) algorithm given by

w(k+1) = w(k)+ puk)g(k)y" (k) (10)
g(k) = (e’ (k)w(k), (11)

where y(k) = [y(k)---y(k — L)]" and ¢(e(k)) = [¢(e(k))---(e(k — L))]", respectively. If blind
adaptation is employed, the blind error signal f(y(m)) is used instead of ¢(e(m)) in (11). Figure 2
depicts the block diagram for this algorithm, where the portion of the system in dashed lines need
not be implemented as y(k) is already computed by the equalizer.

If the mean-squared error criterion is used such that 1(e) = e, then the FER algorithm becomes

wlk+1) = w(k)+ u(k)(d(k) —y" (F)wik)y" (k) (12)
di(k) = d"(kyw(k), (13)

where d(k) = [d(k)---d(k — L)]T. In this case, the FER algorithm is an LMS adaptive filter
whose input and desired response signals are y(k) and d(k), respectively. For this reason, we are
motivated to compute the step size in (10) as

. M
k) = G T 14

where p and 3 are positive parameters and ¢ is a positive integer. For ¢ = 2, Equations (12)-(14)
describe a normalized LMS adaptive filter operating on filtered input and desired response signals.
This version of the algorithm is particularly desirable, as NLMS adaptive filters have several useful

convergence and stability properties [Slock 1993, Douglas and Meng 1994].

2.3 The Filtered-Regressor (FR) and Filtered-Error (FE) Algorithms

A comparison of the system in Figure 2 with similar systems for feedforward active noise control
[Kuo and Morgan 1996] shows that it is identical to the filtered-X LMS algorithm when v (e) =
e if the plant and adaptive controller are identical. We can use this connection to develop a

second approximate implementation of this system, as shown in Figure 3. This system filters the



d(k)

+

X(K) | ~ Wzk y(K) _ e(k)

| 7 Y

: (O] wo)

i R
)
Wz | D Wzk
O

Del y(K) g(k)
Linag .[ LMS }

Figure 2: The self-whitening filtered-error /regressor (FER) algorithm.
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regressor vector signal by z=LW*(2z71, k)W (z,k) before forming the coefficient updates using a

delayed version of the error signal. This filtered-regressor algorithm is given by
w(k+1) = w(k)+pu(k)p(e(k — L))a"(k), (15)

where u(k) = [u(k) - - - u(k — L)]" and u(k) is computed as

The step size for (15) can be computed using either (14) or

. H“
HE) = B T Dw R (a7

The FR algorithm is the dual of the adjoint LMS algorithm proposed in [Wan 1996] as applied

to our equalization task. A version of (15) for blind equalization tasks was first presented in
[Douglas et al 1996]. In addition, the modification is similar to that used in a recently-derived
algorithm for multichannel blind source separation [Amari et al 1997a).

The FER and FR algorithms can be shown to be quite similar in form. In the Appendix,
the algebraic forms of the two algorithms are compared, and it is shown that the only difference
between the averaged forms of the two algorithms is due to the delays in the coefficient values
employed within the updates. Analyses of the delayed LMS [Long et al 1989, Long et al 1992] and
filtered-X LMS [Bjarnason 1995] algorithms indicate that both have similar average behaviors to
their non-delayed counterparts for small step sizes. Similarly, our simulations of (10) and (15)
indicate that they too have nearly-identical behaviors for suitably small step sizes. In situations
where a small step size is required for both accurate estimation of the channel inverse and stability
of the algorithm, either algorithm can be chosen. However, the FER algorithm can be expected to
have somewhat better adaptation performance than the FR algorithm for larger step sizes, as the
former algorithm has less coefficient delay in its updates than does the latter algorithm.

In addition to the FER and FR algorithms, a third algorithm can be developed in which the
error signal is filtered by z=*W*(2~!, k)W (z, k) before being multiplied by the delayed regressor
vector x(k — L) in the coefficient updates. This filtered-error (FE) algorithm is a version of the
adjoint LMS algorithm as applied to our equalization task. However, the FE algorithm exhibited
erratic and unstable behavior in simulations for numerous cases involving both training data and
blind adaptation criteria. Attempts to stabilize its behavior using the techniques proposed in
[Orgren et al 1991] caused a significant decrease in adaptation performance. For these reasons, we

do not discuss the FE algorithm in the remainder of this report.

11
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Table 1: Comparison of Algorithm Complexities

Quantity LMS FER FR Ref. [Mboup et al 199/]
# of MACs 2L+3 | 3L+4|3L+4 2L 4+ 2N + 3
# of Mem. Loc. 3L+4 | 4L+4 | 5L +5 3L+2N +6

2.4 Algorithm Comparison

We now compare the complexities of the FER and FR algorithms with the standard LMS adaptive
equalizer and the prewhitening algorithm in [Mboup et al 1994] in the case where 1(e) = e and
p(k) is a fixed constant. Table 1 lists the number of multiply/accumulates (MACs) and memory
locations required for each algorithm, where L + 1 is the equalizer length and N is the order of
the LMS adaptive predictor filter in [Mboup et al 1994]. As can be seen, the proposed algorithms
require about 50% more MACs than those for the LMS adaptive equalizer, and they require between
50% and 100% more memory locations. This increase in system complexity also brings improved
performance, as we shall show. Moreover, one must select N = (L + 1)/2 for the algorithm in
[Mboup et al 1994] if it is to have similar complexity and memory requirements as those of the
FER and FR algorithms. Note that the complexities of the proposed algorithms are less than half
that of the stabilized fast transversal filter in [Slock and Kailath 1991].

3 Analysis Summary

In this section, we summarize the results of several analyses of the behaviors and performances of

the FER and FR algorithms. The details of these analyses appear in the Appendix.

Stationary Points of the Algorithms. The stationary points of an algorithm are the set of
coefficient vectors w defined by the relationship E{w(k + 1)} = E{w(k)} = w. For the LMS
algorithm, the only stationary point is the Wiener solution Ripax, where pgx = E{d(k)x(k)}.
The stationary points of the FER and FR algorithms are the same for both algorithms, but these
stationary points generally differ from those of the stochastic gradient algorithm in (2)—(4). In
noiseless deconvolution and equalization tasks where (1) is valid, however, the differences between
the proposed algorithms’ solutions and those of the standard stochastic gradient algorithm are

small if the length of the equalizer is adequate to model the channel inverse with little error.
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Local Convergence Behavior. A statistical analysis of either the FER or FR algorithm’s con-
vergence behavior is challenging due to the coefficient delays that appear within the updates. In
the Appendix, we provide a statistical analysis of a similar algorithm whose updates depend on the
coefficient values at time k, as such an algorithm can be expected to have similar behavior to those
of the FER and FR algorithms when (k) is small. In stationary system identification tasks where
d(k) can be modeled as

-~

d(k) = d(k)+e(k) (18)
A(k) = XT(k)Wopta (19)
J(k) is the noiseless desired response signal, w,p; is an optimum coefficient vector, and (k) is a
stationary noise signal that is independent of x(k), then the mean behavior of the coefficient error
1?

vector w(k) = w(k) — wy,, when ||[w(k)||* is small is

B{w(k)} = (I—pk)BE{y (e(k)}Rgq) B{W(k)}, (20)

~

where Rg5 is the autocorrelation matrix of d(k). In equalization and deconvolution tasks, d(k) ~
cs(k — A), where E{s*(k)s’ (k)} = o2I, and the form of the analysis equation in (20) becomes
similar to that of the LMS/Newton algorithm [Widrow and Stearns 1985]. Thus, the FER and FR
algorithms provide quasi-Newton adaptation behavior about the optimum coefficient solution in

this situation, independent of the correlation statistics of the input signal.

Step Size Selection. Choosing a step size for the FER and FR algorithms to guarantee their
stability is a challenging task due to the coefficient delays within the updates. In the Appendix,
we show for a similar algorithm without coefficient delays and with (e) = e that choosing u(k) as
in (14) with ¢ = 2 yields a normalized coefficient update. The normalized LMS adaptive filter is
known to have a number of performance advantages over the LMS adaptive filter, and while (14)
does not guarantee stability of the FER or FR algorithms for a fixed range of y, it can provide
proper scaling of the updates for particular choices of 1)(e) and q. Moreover, for the FER algorithm
with 1(e) = e and pu(k) chosen in (14) with ¢ = 2, we obtain a normalized LMS adaptive filter
that is guaranteed to be stable for all 0 < 4 < 2 and 8 > 0, although convergence to the optimum

coefficient vector is not guaranteed.

Coefficient Initialization. Both the FER and FR algorithms require a non-zero initial coeffi-

cient vector w(0), as y(k) = 0 for & > 0 if w(0) = 0. Moreover, the coefficients of the systems need

14



to acquire a reasonably-accurate estimate of the inverse of the channel to engage their algorithms’
self-whitening capabilities. In fact, it is the output signal y(k), and not the input signal z(k),
that must satisfy a persistence of excitation condition to avoid ill-convergence of the self-whitening
algorithms. Thus, coefficient initializations that cause the combined channel W (z, k)H (z) to have
deep spectral nulls should be avoided, as they could cause slow initial convergence behavior.

If training data are available, we can use the stochastic gradient algorithm in (2) as an ini-
tialization procedure to adapt the filter coefficients for kg iterations, at which point adaptation of
w(k) is switched to the FER or FR algorithm to obtain fast and accurate convergence behavior.
Typically, the normalized step size u(k) = /(8 + ||x(k)||3) is chosen in (2) to provide the fastest
possible adaptation behavior so that ky can be as small as possible. When blind adaptation cri-
teria are employed or when the above initialization scheme is not practical, a standard center-tap

initialization scheme for the FER and FR algorithms, in which
w(0) = ad(l - p) (21)

for some 0 < p < L and « > 0, can be used. For this initialization scheme, the initial con-
vergence behaviors of the FER and FR algorithms are the same as that of the delayed-NLMS
adaptive filter, which is known to have robust convergence properties [Rupp and Frenzel 1994,

Ahn and Voltz 1996].

4 Multichannel Self-Whitening Algorithms

We now consider multichannel deconvolution and equalization tasks in which the received signals

{z;(k)}, 1 < j < J, are produced from the source signals {s;(k)}, 1 <i<I, I <J, as

1 00
i) = Y. D hjpsi(k —p), (22)

i=1p=—00
where {hjp}, 1 <i< 1,1 <5< J, =00 <p < oo are a set of mixing coefficients. We calculate a

set {y;(k)}, 1 <i < I of scaled and/or delayed estimates of the source signals as
J
yilk) = Y x; (k)wij(k), (23)
j=1

where w;;(k) = [wijo(k) - - - wi;jr(k)]T contains the FIR filter coefficients for the (i,j)th channel of
the multichannel equalizer and x;(k) = [z;(k) - - 2;(k— L)]?. The multichannel stochastic gradient

algorithm for this system is

wij(k+1) = wij(k) + p(k)i(ei(k))x;(k), (24)
ei(k) = di(k) —yi(k), (25)

15



where e;(k) and d;(k) are the ith error and desired response signals, respectively. A simplified

normalized step size for (24) can be computed as
W

. (26)
B+ Z || (%115

(k)

We can easily extend the FER and FR algorithms to the multichannel case by exploiting their
connection to existing multichannel active noise control algorithms [Kuo and Morgan 1996]. For a
J-input, I-output, J-error multichannel active noise control system, each coefficient update consists
of sums of products of the .J filtered error terms at the output of the plant with I.J? filtered input
terms. For a multichannel version of the system in Figure 2, the [th filtered error signal g;(k),

1<1<J, is
Z Yile; (k))wi(k), (27)
where 9;(e;(k)) = [i(ei(k)) - - i (e;(k — L))]T. We compute the I.J? filtered regressor signals
yiji(k) = x] (k)wi(k). (28)
Then, w;j(k) is updated using the multichannel FER algorithm given by

Wz](k+1) = Wz] yz]l (29)

||M&

where y;ji(k) = [yiji(k) - yiji(k — L)]T. Alternatively, we can use the multichannel FR algorithm
given by

wij(k+1) = wij(k) + p(k)iei(k — L))uj(k), (30)

where u;(k) = [u;(k) ---uj(k — L)]" and u;(k) for 1 <j < J is computed as

I L

Z Z wz] L—m) k)yi(k —m). (31)

=1 m=0

In analogy with (14), a simplified normalized step size can be computed as

u(k) = a , (32)

B+ Z lys(%)I1G

Each of these algorithms are summarized in component form in Tables 2 and 3, respectively.
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Equation MACs

fori=1to I do
for j =1to J do
forl=1to J do

L
yiji(k) = Zwiln(k)l’j(k —n) IJ3(L+1)
end "
end
J I L
yik) = > > (k) 1J?
j=1 I1=1 m=0
ei(k) = di(k) —yi(k) I
end
for i =1 to J do
I L
gi(k) = Y > dilei(k —m))wiim (k) LJ(L+1)
i=1 m=0
end

fori=1to I do
for j=1to J do
for m =0to L do

J
Wijm (k +1) = wijm (k) + u(k)Y_gi(k)y5(k —m) | LJ*(L+1)
=1

end
end
end
Total: IJ2J+ 1)(L+1)+I(J+1)

Table 2: The multichannel FER algorithm.

As for the behaviors of these algorithms, all of our previous statements regarding the perfor-
mance, stability, and robustness of the FER and FR algorithms can be extended to the multichan-
nel case with some modifications. For example, coefficient initializations that cause the combined
multichannel transfer function matrix W(z, k)H(z) to be nearly zero for any |z| = 1 should be
avoided, where W;;(z, k) and Hj;(z), the (4,)th and (j,7)th elements of W(z, k) and H(z), are the
z-transforms of w;;,(k) and hj;p,, respectively.

By carefully studying (24), (29), and (30), it is seen that the multichannel LMS, FER, and
FR algorithms require approximately 2I.J(L + 1), (2J 4+ 1)IJ(L + 1), and 31J(L + 1) MACs to
implement, respectively. Moreover, the multichannel FER algorithm’s memory requirements are of
O(IJ2L), whereas those of the other two algorithms are of O(IJL). Since it is expected that both
the FER and FR algorithms will perform similarly for small step size values, the multichannel FR

algorithm is preferable when computational resources are at a premium.
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Equation MACs

J L
yi(k) = D> wijm(k)z;(k — m) IJ(L+1)
j=1m=0
ei(k) = di(k) — yi(k) I
end
forl =1to J do
I L
ui(k) =YY whin_m (R)yi(k —m) IJ(L+1)
i=1 m=0
end

for i =1to I do
for j =1to J do
form =0 to L do
wijm(k + 1) = Wijm (k‘) + p(k)zbz(el(k — L))U;(k — m) I(L + 1)
end
end
end
Total: 3IJ(L+1)+1

Table 3: The multichannel FR algorithm.
5 Simulations

We now explore the properties of the algorithms in (10) and (15) through simulations. In each case,
we have used MATLAB’s rand or randn and filter commands to generate the input and desired
response signals. One hundred simulations have been run and the results averaged to obtain each

plotted trajectory or convergence curve.

5.1 Trained Adaptation Examples

For our first example, we consider a two-coefficient equalization task in which z(k) is defined as
z(k) = ax(k—1)+d(k), (33)

where a = 0.95 and d(k) is an i.i.d. binary-{41} sequence. In this case, the optimum equalizer

coefficients are woy = [1 — 0.95]", and Ry is

1 1 0.95
XX — T A a0 . 4
R 1—(0.95)? l 0.95 1 ] (34)

Figure 4(a) shows the mean trajectories of the coefficients for the LMS adaptive equalizer in this
situation for six different initial coefficient vectors w(0) = W,y + [cos(im/3) sin(in/3)]T, i =

{1, 2, 3,4, 5, 6} with 4 = 0.005. Because Ryxx has a condition number of 39 in this case, the

18



coefficients converge slowly along the eigenvector direction of [I — 1]/v/2 associated with the
minimum eigenvalue of Rxx. Figures 4(b) and (c) show the mean trajectories of the coefficients
for the FER and FR algorithms, respectively, where ¢(e) = e and u(k) is computed according
to (14) and (17) for the algorithms, respectively, with p = 0.01, § = 0.1, and ¢ = 2. As can
be seen, the filter coefficients take a more direct path to the optimum solution vector for each of
the proposed algorithms. Figure 4(d) shows the corresponding mean coefficient trajectories for
the LMS/Newton algorithm in which x(k) in (2) is replaced by Rix(k), where u = 0.005. The
similarity of Figure 4(d) to Figures 4(b) and (c) indicate that the FER and FR algorithms behave
like quasi-Newton algorithms locally about the optimum coefficient vector w;.

In our second example, we consider an autoregressive system identification task in which

z(k) = z(k—1)—0.98z(k — 2) +0.97z(k — 3) + s(k) (35)
d(k) = s(k)+e(k), (36)

where s(k) and £(k) are zero-mean uncorrelated Gaussian signals with variances of 1.0 and 10,
respectively. Figure 5 shows the total coefficient error powers ||w(k) — wgy||3 for four different
algorithms for L = 3. The step sizes for the NLMS and FER adaptive filters were computed as
u(k) = p/(B+ |1x(k)[|?) and (14), where 8 = 0.1 and ¢ = 2 for both algorithms. In this case, we
have chosen p = 1 for the NLMS algorithm to provide the fastest possible convergence behavior for
this system, and we have selected y = 0.035 for the FER algorithm so that the total coefficient error
powers are the same for both systems in steady-state. Here, we have chosen random vectors w(0)
such that ||[w(0) — w,p||3 = 1 for each simulation run in our averaged results. As can be seen, the
FER algorithm converges after about 1000 iterations on average, whereas the NLMS algorithm takes
approximately 2000 iterations on average to converge in this situation. Also shown for comparison
is the prewhitening algorithm of [Mboup et al 1994] in which a prewhitening prediction filter of
N = 2 is chosen so that this system’s complexity is similar to that of the FER algorithm. The step
sizes for the equalizer and adaptive predictor were computed as p(k) = 0.13/(0.1+ 2520 m%(k —p))
and pp(k) = 0.1/(0.1 + Eé\;l z2(k — p)), respectively, and these choices provided fastest stable
behavior for this system. This algorithm does not perform well because the length of the prediction
filter is not adequate to whiten the input signal in this case when the algorithm’s complexity is
similar to that of the FER algorithm. Finally, we show the performance of the O(8L) stabilized FTF
algorithm in this task [Slock and Kailath 1991]. While the FTF algorithm has the best performance
in this task, it also is more than twice as complex as the FER algorithm. The behavior of the FR

algorithm is not shown in this example as it could not provide fast convergence due to the coefficient
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Figure 4: Averaged coefficient trajectories for the two-coefficient equalizer using (a) the LMS
algorithm, (b) the FER algorithm, (c) the FR algorithm, and (d) the LMS-Newton algorithm in
the first example.
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delays within its updates, although both the FER and FR algorithms had similar average behaviors

with these signals for smaller step sizes.

5.2 Blind Adaptation Example

We now present results from simulations of the FER and FR algorithms as applied to a blind
equalization task using the constant modulus algorithm (CMA) error nonlinearity f(y) = (A —
ly|?)y. For these simulations, we have chosen L 4+ 1 = 11 coefficient equalizers, and s(k) is chosen
as a quadrature-amplitude-modulated (QAM) signal with unity modulus (A = 1). The received
signal x(k) is generated using a non-minimum phase all-pass channel with transfer function

e]’ﬂ_/4 07 - Zil

H(z) = 1—-0.7z71’

(37)

such that exact equalization with a finite-length equalizer is not possible, a realistic situation
[Ding et al 1994]. For the standard CMA algorithm, we have chosen u(k) = p/(8+ ||x(k)||3) where
¢ = 0.01 and B = 0.1 provide the fastest-converging adaptation behavior for this system. For the
FER CMA and FR CMA algorithms, we have chosen the step size normalization scheme in (14)
with 4 = 8 = 0.1 and ¢ = 2. The center tap of the initial coefficient vector w(0) is set to one for
all equalizers.

Figure 6(a), (b), and (c) show the values of y(k) over the ranges k € [1, 400], k& € [1001, 1400],
and k € [2001, 2400], respectively, for the standard CMA equalizer, where each dot indicates one
output value. Clearly, the equalizer has not converged even after 2000 iterations of the equalizer
for this channel. Figure 7 shows the corresponding output values for the FER CMA equalizer. The
adaptive filter quickly equalizes the channel up to an unknown phase rotation of the QAM constel-
lation. Figure 8 shows the corresponding output values for the FR CMA equalizer. A comparison of
Figures 7 and 8 show that both algorithms have similar behavior. The improved performances of the
self-whitening algorithms over that of standard CMA adaptation in this example also support our
previous claim that self-whitening is better than prewhitening for blind adaptive equalizers, as the
all-pass nature of H(z) in this example implies that the elements of x(k) are already uncorrelated
for the standard CMA algorithm.

Shown in Figure 9 are the corresponding signal constellations for a Gauss-Newton version of

the CMA equalizer, in which the regressor vector is computed as R, (k)x*(k), where
Rux(k) = ARux(k) + (1= N)x*(k)x" (), (38)

Rxx(0) = 0.1I, A = 0.995, and p = 0.005. Although the performance of this equalizer is the best

of the three, we see that its initial acquisition of the channel inverse is similar to those of the FER
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and FR algorithms. Since the step sizes for all of the algorithms are limited by the nature of the
blind error nonlinearity f(y) for stability, the self-whitening algorithms are extremely attractive for

this and other blind equalization and deconvolution tasks.

5.3 Multichannel Example

We now illustrate the behavior and performance of the multichannel FR algorithm in (30)-(31)
via a simulation example. We choose three i.i.d. binary-{#1} source signals for this experiment,
and we generate the measured signals in x(k) = [z1(k) z2(k) z3(k)]" from the source signals in

s(k) = [s1(k) s2(k) s3(k)]" as

x(k) = Aix(k—1)+ Aox(k—2)+ Bgs(k) + Bis(k — 1), (39)
where
—0.06 0.24 —0.04 | [ 0.04 0.02 0.03
A =] —-0.18 0.18 —0.26 |, A, =1 008 004 0 |, (40)
—0.08 —0.20 0.06 | | 0.03 0.06 0.06
0.02 0.07 0.05 | 01 0 04
Bo=| 0 009 008 |, and B;=| 05 04 0.7 |, (41)
0.07 004 0 | 0.7 0.1 0.6

respectively. The multichannel system in (39) is non-minimum phase and cannot be perfectly
equalized with a finite-length causal filter. We process the received vector sequence using a three-
input, three-output multichannel equalizer with L = 6. For the first 300 iterations of the system,
the equalizer is adapted using the LMS algorithm in (24)—(26) with d;(k) = s;(k —4) and ;(e) =€
for1 <i<3,u=1,8=0.1, and ¢ = 2, at which point adaptation is switched to the multichannel
FR algorithm in (30)-(32) where d;(k) = s;(k —4) and ¢;(e) = efor 1 < <3, u=0.3, 5 =0.1,
and g = 2.

Figure 10 shows the convergence of the total average squared error for the proposed system,
computed using ensemble averages of S>3_ (s;(k) — y;(k + 4))%. Also shown for comparison are the
squared errors from the multichannel LMS equalizer with i;(e) = e, p =1, 8 = 0.1, and g = 2.
The convergence speed of the FR algorithm after its activation at iteration ky = 300 is clearly
much faster than that of the LMS algorithm in this case. Although these results do not guarantee
that the self-whitening algorithms have better performance than that of the LMS algorithm in
general, they are an indication of the improved convergence characteristics that the self-whitening

algorithms can provide in the multichannel case.
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6 Conclusions

We have described two algorithms for single- and multichannel equalization and deconvolution
tasks that self-whiten the input signal(s) within the coefficient updates. These algorithms are
particular versions of prewhitening algorithms that do not require separate predictor filters to

operate. Through our analyses and simulations we have shown that

e the algorithms exhibit quasi-Newton coefficient adaptation behavior locally about an equal-

izing or deconvolving solution,

e the complexities of the simplest algorithms are only 50% greater than those of the correspond-

ing LMS algorithm and are typically much less than competing Gauss-Newton schemes, and
e they perform well in both trained and blind adaptation modes.

The proposed methods are expected to have many uses for problems in the communications, control,
and signal processing areas.

Although our analyses and simulation results have indicated the usefulness of the self-whitening
schemes, there are no existing proofs of convergence for these algorithms. Such proofs would be
useful to obtain, in particular for the projection-based update of (12)—(14) with ¢ = 2, as this system
appears to be well-behaved, stable, and convergent for a wide range of operating conditions. This
issue, as well as investigations of the performance behaviors of the multichannel algorithms for

fractionally-spaced equalization, are the subject of current research.
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7 Appendix

7.1 Algebraic Comparison of the FER and FR Algorithms

In this section, we show for stationary signals that any differences in the average behaviors of the
FER and FR algorithms is due to the coefficient delays appearing within the updates.

Let the superscripts (er) and () denote quantities associated with the FER and FR algorithms,
respectively. Consider the update for wger)(k) in (10). Using the definitions of y(k) and g(k) in (4)

and (11), respectively, the update for the ith filter coefficient of this algorithm is

L L
wl (k+ 1) = 0l (k) + pk) 3wl (k) 3 wil) (k — i) (e (k — m))a*(k —i —n).  (42)
m=0 n=0

Similarly, using (16), the ith coefficient update for the FR algorithm in (15) is

wgr)(k +1) =
L L
W 8) + (k) 3wl —i) S wi 4 m — L= el (6 — L))o (ko — L —i =) (43

m=0 n=0

Letting ky, = k 4+ m — L in the summation on the RHS of (43), we can rewrite this update as

L
w (k+1) = w (k) + p(k) 3wt (k — i) 3" wi® (b — i)ip(e® (ki — m))3* (ki — i — n). (44)

Assume that the signals d(k) and z(k) are statistically-stationary. Then, we have that

Ew(e-m{p(e(k —m))a™(k —i—n)} = Exqm{y(e(l —m))z*(l —i-n)} (45)

if w(k) = w(l), where Ey{-} denotes statistical expectation conditioned on the coefficient vector
w. Thus, if we assume slow adaptation such that w(k) =~ w(k — 1) = --- = w(k — 2L), then
the right-hand-sides of (42) and (44) are identical for identical coefficient vectors, and thus the

behaviors of the algorithms are expected to be similar for small step size values.

7.2 Stationary Point Analysis

In this section, we determine the system of equations that define the stationary points w of the

algorithms in (10) and (15). For this analysis, define v(k) as
v(k) = d(k) — x" (k)w, (46)

and let w = w(m), k— L <m < k+1 for the FER algorithm in (10). Then, by taking expectations

of both sides of (10), we find after some algebra that w is a stationary point of this algorithm if
W' Ryyuy(w = 0, 0<I<L, (47)
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where

Reyw)(l) = B{x*(k =Dy’ (k)}. (48)

and v(k) = [v(k)---v(k — L)]¥. A similar analysis of the FR algorithm in (15) for w = w(m),
k—2L <m < k+ 1 yields the system of equations

EL: W B{p(v(k —L)x*T(k+m—-L—-0)}w* = 0, 0<I<L. (49)
m=0

When z(k) and d(k) are stationary, (49) is identical to (47), and thus both algorithms have the
same set of stationary points.

The stationary points for standard stochastic gradient algorithms that minimize E{¢(e(k))}
are defined by

E{fpwk)z*(k—1)} = 0, 0<Ii<L, (50)

such that (v (k)) is uncorrelated with z(k) over the time interval [k — L, k]. Since the (i, 7)th
entry of Ry (1) is E{t(v(k)z*(k —i+j—1)} for stationary signals, the conditions in (50) do not
guarantee that (47) is satisfied. Thus, the solutions obtained by the FER and FR algorithms do
not minimize the value of E{¢(e(k))} in general. However, from (47), a set of sufficient conditions

for w to be a stationary point of either the FER or FR algorithms is
E{p(v(k))z*(k-0D} = 0, —L<I<2L, (51)

such that 1 (v(k)) is uncorrelated with z(k) over the time interval [k — 2L, k+ L]. These conditions
are similar to those in (50). Moreover, in situations where L is large enough and the time interval
of the filter is properly chosen to provide an accurate estimate of the inverse of the channel, the
coefficient values that satisfy (50) nearly satisfy (51), and thus the differences in the solutions
obtained by the algorithms is small.

7.3 Analysis of Local Stability and Convergence Behavior

To study the local stability and local convergence behavior of (10) and (15), consider the algorithm

given by
w(k+1) = w(k)+7ak)(pE" (k)w(k)y" (k) (52)
e(k) = d(k)—y(k) (53)
y(k) = X(k)w(k), (54)



where W(k) is the coefficient vector of this system and X(k) is an (L + 1 x L + 1)-dimensional
matrix whose (i + 1,7 + 1)th element is z(k — ¢ — 7). This algorithm’s coefficient updates at time
k depend on coefficient values at time k, unlike those in (10) and (15). Even so, the local stability
behavior of this algorithm for small step sizes and stationary signals is the same as that in (10)
and (15), and the transient behavior about any stationary point of the algorithm can be expected
to be similar to those of (10) and (15) for small step size values.

By linearizing the coefficient updates about a stationary point w, we can determine an approx-

imate equation for the evolution of E{w(k)}, where
w(k) = wk)—w (55)

is a small deviation of W(k) about w. For this analysis, we shall assume that both d(k) and
z(k) are statistically stationary with finite second-order moments and that the pair {d(m), X(m)}
is independent of {d(n), X(n)} if m # n. These assumptions are similar to the independence
assumptions commonly employed in statistical analyses of adaptive filters [Haykin 1996]. For a
discussion of the accuracy of such assumptions, see [Mazo 1979, Douglas and Pan 1995]. We shall
also assume that 1 (e) is continuous and differentiable at all points, although this assumption can
be relaxed if the joint probability distributions of d(k) and X (k) are suitably smooth.

Using (55), we can express (53) as

e(k) = d(k) —X(k)(w +w(k)) (56)

where v(k) is defined in (46). Expand 1 (€(k)) in a Taylor series about v(k) as

Y(&(k) = 9(v(k)) - diag[y' (v (k)X (k)W (k) + O(|[w(k)|I3), (58)

where ' (e) = dip(e)/de, diag[t)' (v (k))] is a diagonal matrix whose (i + 1,7 + 1)th entry is ¢’ (v(k —
i)), and O(||w(k)||3) denotes terms that are proportional to products of the elements of w(k).

Subtracting w from both sides of (52), we have
Flh1) = k) + k) (T (k) (k)X (k)" (). (59)

We now substitute the expressions in (55) and (58) for W(k) and (€(k)) in (59), respectively.

Simplifying the result gives

wik+1) = (I-ak)X (k)ww! diag[y' (v (k))]X (k)W (k)
+ak) (P " (k) wX* (k)W (k) + X" (k)w* s (v" (k)W (k) + O(|[w(k)[[3). (60)
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If the magnitudes of the elements of w(k) are small, the terms of O(||w(k)||3) in (60) can be
neglected with respect to the other terms in the equation. Taking expectations of both sides of the

equation and using our assumptions gives

E{w(k+1)} = (I-a(k)B{X"(k)w*w' diag[y' (v (k))]X(k)}) B{w (k)}

+7i(k) (B{p (" (k) WX (k) LE{W" (k)} + B{X" (R)w* (v (k) } E{w (k) } [61)

In this expression, the jth column vector of the matrix E{y (v (k))wX* (k)} is equal to Ry () W,
and the 7th row vector of the matrix E{X*(k)w*y(vT (k))} is equal to W*TRW(,,) (7).

Now, we consider situations in which the adaptive filter can accurately model the inverse of the
channel such that the conditions in (51) are satisfied for some coefficient vector wy. One such
situation is the system identification task in which d(k) is given by (18)-(19). For w = w,, we

have Ryyp)(l) = O for 0 <1 < L. Thus, the last term on the RHS of (61) is zero, and thus
E{w(k+1)} = (I-ak)E{X" (k)W wydiagly (v (k)X (k)}) E{w ()}, (62)

which reduces to (20) if z(k) = u(k), as v(k) = ¢(k) when w(k) is small. Therefore, the behavior
of (52) locally about the optimum coefficient solution is the same as that of an LMS adaptive filter

about its optimum coefficient solution with a step size equal to (k) E{¢'(¢(k))} and with d(k) as

its input signal.
7.4 Normalized Step Sizes

We now consider the behavior of the algorithm in (52) from a deterministic standpoint when

(e) = e. We can write this algorithm as
wik+1) = (k) +a(k)y" (k)W (kye(k). (63)

Suppose that d(k) = X(k)wep; such that perfect system identification is possible. Using (55), we

can write (63) in terms of w(k) as

wk+1) = (I-aky k)W (k)X(E)w(k) (64)
= (I-a®)y F)y" (k)w(k). (65)
Therefore, by choosing
o 7
= W o
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we obtain the normalized LMS algorithm for (63). This update reduces the magnitude of the
component of w(k) in the direction of y(k) for all 0 < p < 2 and § > 0 in the noiseless case.

The algorithms in (10) and (15) for ¢(e) = e differ from (52) in that the current coefficient
updates are computed using past coefficient values. Even if p(k) is computed as in (14) with ¢ = 2
for these algorithms, ||w (k) — W,pt||3 is not guaranteed to monotonically decrease to zero for all 0 <
pu <2 and 8> 0. Even so, choosing u(k) as in (14) or (17) improves the convergence behaviors of
these schemes by properly scaling the magnitudes of the update terms if ¢(e) = |e|7~?e. Moreover,
choosing p(k) as in (14) for (12) guarantees the stability of this projection-based algorithm, although
its convergence to the optimum coefficient vector is not guaranteed even in the noiseless system

identification task.

7.5 Persistence of Excitation and Coefficient Initialization

We now explore the persistence of excitation conditions needed for proper convergence of the FER
and FR algorithms. Recall that the robust convergence behavior of the LMS algorithm is assured
only if the input vector sequence {x(k)} satisfies a persistence of excitation condition given by the

following [Sethares and Johnson 1991]: for all &, there exists K < oo, d; > 0, and d2 > 0 such that

1 k+K -
anl < fnz;kx (n)X(n)" < &I (67)

Such a result cannot be easily extended to the FER and FR algorithms as the vectors y (k) and u(k)
depend on current and past coefficient values which are time-varying and are not guaranteed to be
asymptotically-bounded. However, for small step sizes, the elements of y(k 4+ n) are approximately
equal to X(k +n)w(k) for k <n < k + K. If the value of w(k) causes the matrix

1 k+K
Ryy(h) = = Y X(k+n)w (B)w! ()X (k +7) (68)
n=~k

to be nearly singular for reasonably large values of K, then the FER and FR algorithms exhibit
slow convergence. Such a situation can occur if the short-term averaged power spectrum of y(k)
has deep nulls in its frequency response caused by the current filter coefficient settings, e.g., one
or more of the zeros of W(z, k) lies near the unit circle in the z-plane at a frequency where the
channel frequency response does not have a spectral peak. For this reason, care must be taken

when selecting w(0) to avoid such initializations.
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